DREAM MAKRO

Danish Research Institute for
Economic Analysis and Modelling

MAKRO Model Documentation

A Handbook for using and understanding the MAKRO Model

Martin Bonde, Joao Ejarque, Grane Haegh, Anders Kronborg, and
Peter Stephensen

April 2021




MAKRO Model Documentation

©DREAM
April 2021

Authors:

Martin Bonde
Joado Ejarque
Grane Hoegh
Anders Kronborg
Peter Stephensen

This report is available for download at
www.dreamgruppen.dk


http://www.dreamgruppen.dk/

MAKRO Model Documentation

A Handbook for using and understanding the MAKRO Model

Martin Bonde, Joao Ejarque, Grane Haegh, Anders Kronborg, and
Peter Stephensen

April 2021



MAKRO MODEL DOCUMENTATION
PREFACE

Preface

This is a preliminary draft of the model documentation for MAKRO. We are working on final
details and the documentation will be updated with these before the release of the beta-
version of the model. This documentation is supplemented by a paper containing an over-
view of the model, a paper describing the empirical foundation of the model and a paper
showing impulse-responses of the model and comparing them to the empirical impulse-re-
sponses of estimated vector autoregressive models. As background for the empirical foun-
dation there is a series of econometric working papers, some of which are publicly available
and can be downloaded from our homepage https://dreamgruppen.dk/makro/. All men-
tioned documentation will be available in our homepage prior to a seminar where the beta
version of the model will be released, and which is scheduled to take place in the 4th quar-
ter of 2021
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MAKRO

1 Introduction

1.1 Foreword

MAKRO is a large scale macroeconomic model of the Danish economy with short and long
run predictive capabilities. There are four economic agents in the economy; households,
firms, the government, and the foreign agents demanding Danish exports. As in most
modern macroeconomic models, the behavior of households and firms are microfounded
and forward looking.® Government behavior, on the other hand, follows a set of exogenous
rules estimated from the data, and exports are determined by a demand function which
incorporates aspects of different models of trade.

These different agents interact in the labor market, the capital market and the product
market, and a key component of the work done in the model is the characterization of
how these markets work. In particular, the relationship between long run and short run
behavior in the economy results from the nature of frictions, such as the price setting
behavior of firms and the staggered nature of the wage bargaining process, which affect
these markets.

Following a shock or a policy intervention, the model converges after a period of cycli-
cal normalization when short-run frictions fade. The convergence path, and particularly
how the model reacts to temporary versus permanent shocks, is determined by the forward
looking nature of optimal decisions.

Convergence happens towards a long run path which is theoretically defined and em-
pirically determined from demographic, educational and socioeconomic conditions. This
path is the model’s forecast of the Danish economy when not affected by short run fric-
tions, and it is fundamental for policy evaluation. Due to continuing movements in de-
mographics and other exogenous factors the model is not in steady state, neither initially
nor in the long run. Instead, it converges to a moving long run solution.

MAKRO differs from DSGE models in that it is a deterministic perfect foresight
model. DSGE models solve for optimal decisions which are functions of state variables
and contain the information pertaining to the stochastic nature of the model. These
optimal decision functions are defined in a neighborhood of the model’s steady state.
MAKRO is instead a computational general equilibrium model which solves for a single
path for all its variables. This solution relies on a set of initial and terminal conditions
and reflects all policy changes and variations in exogenous factors one wishes to study.

MAKRO also differs from other models of its type due to its size. The household
side of the model solves a model of overlapping generations each with a life cycle of
85 years, and the firm side of the model currently solves for 9 different sectors in the
economy. It is a nonlinear model with a large number of endogenous variables, and as a
professional planning and budgeting tool, the model’s variables must correspond exactly
to their counterparts in the data.

The model has a large set of parameters which are either estimated with econometric
methods, calibrated from data, or taken from existing literature. Here we bring into the
Computational General Equilibrium framework standard econometric methodology from
DSGE models such as impulse response matching. Calibrating and estimating the large
number of parameters requires large volumes of data which are obtained mainly from
Denmark’s register data. Of all data, population plays the most important role as it is
the main exogenous input in the model.

One of the main purposes of MAKRO is to characterize the government budget bal-
ance, the structural budget balance, and the effect of shocks and policy changes on these.
This requires a considerable disaggregation of the fiscal part of the model. This level of

5Household and firm decisions are supported by a detailed specification of their objective functions,
preferences, technology, and budget sets.
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detail is a consequence of it being the Ministry of Finance’s primary measurement tool.
It must therefore be able to evaluate a large number of tax and transfer interventions as
well specific public consumption changes. This detail is mirrored in the life cycle detail of
household consumption, savings and employment needed to accurately generate income
tax revenues. It is also present in the sectoral disaggregation of production and the choice
of inputs within each sector, as well as in the interactions between sectors described in
the input-output structure of the economy, all of which are necessary to determine value
added and corporate taxes.

All this detail has an important collateral benefit as it allows for the aggregation of
heterogeneous micro responses to shocks or policy changes, resulting in a better charac-
terization of the aggregate effects and fiscal implications of both.

The model represents work in progress. Many details may change during the next
few years, but the overall structure is in place. When the model is finished it should be
consistent with the modeling and approaches used in the short and long term projections
in the Ministry of Finance. In the current version of the model this is not fully achieved.
The documentation is also work in progress and will evolve alongside the model. As
a consequence the editorial quality is not that of a published journal article or of the
documentation for a finished model, and may lag behind our latest developments. It
should, however, give an idea of how MAKRO will look like once it is finished.

1.2 This Documentation

The documentation contained in the subsequent chapters is a description of the model
version MAKRO 21FEB. Although it is written mainly for model users to have an un-
derstanding of the background for the computational code, each chapter contains a de-
scription of the relevant theoretical part which can be understood by a wider audience.

Households. There are two types of households in the model. Optimizing households
and Hand-To-Mouth (HTM) households.

Optimizing households solve a dynamic life cycle problem within an overlapping gen-
erations model. They maximize utility by choosing optimal non-durable consumption
and savings into liquid assets, optimal housing, and optimal job search effort and hours
worked. Within non-durable consumption they decide also on the optimal composition
of a consumption bundle. The consumption/savings decision is dynamic and forward
looking. Households choose the total amount of liquid non-housing net financial assets
and this total volume of wealth is allocated to different assets in a portfolio composi-
tion estimated from the data. The optimal housing decision is also dynamic and forward
looking, and reflects costs of mortgage financing, of housing depreciation and housing
maintenance, as well as capital gains from house prices and revenues from land sales.
The optimal choice of the non-durable consumption bundle is a static decision organized
in a sequence of cost minimization problems. The optimal job search decision is also a
dynamic forward looking decision.

Hand-to-mouth agents have zero financial assets and allocate their income between non
durable consumption and housing every period. This is a proxy for an explicit model of
financial constraints. The presence of HTM households helps aggregate consumption track
income over the life cycle, and increases the aggregate marginal propensity to consume
out of income shocks, as changes in income are fully transmitted to expenditure for these
agents. The proportion of HTM agents in the model is estimated to match these targets
in the data.

Household members die in our model, and when they die they leave bequests, which
have associated warm glow utility. Bequests received are taken as given by the optimizing
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agent. The mapping between bequests given and received at different ages is an allocation
matrix estimated from the data and which enters the model exogenously.

Production and Price Setting. Domestic output is produced by private firms and
by the government.

There are eight private production sectors in the economy corresponding to eight broad
classes of goods and services. In each sector firms use capital, labor, and materials (in-
termediate inputs) to produce output. Quantities of inputs are combined in a production
function to produce units of ouput. Capital is subject to a time to build constraint of one
period which makes investment decisions forward looking, and to investment adjustment
costs which makes the optimal decision dynamic. Capital goods can be purchased from
multiple supplying sectors, and from both domestic and foreign sources. Employment
adjustment is also forward looking and subject to frictions. Firms incur a proportional
cost to post vacancies, and these are filled with a probability which is outside the firm’s
control. Optimal use of materials is a static decision, and, like capital goods, these can
also be purchased from multiple supplying sectors, and from both domestic and foreign
sources. Firms are price takers in input markets.

Private firms do not only make decisions regarding optimal use of inputs. They also set
prices to maximize firm value. Price setting behavior occurs taken optimal input decisions
as given and is an independent part of the model relative to the rest of firm optimization.
The price setting problem adds price-adjustment costs to a monopolistic competition
model of varieties. The resulting price adjustment is slow and forward looking.

Public production differs from its private counterpart and is detailed in conjunction
with the chapters on government.

Labor Market. The model of the labor market contains heterogeneous households
and firms. Households of different ages choose the supply of hours and optimal search
effort. Labor demand comes from firms in different sectors posting vacancies optimally.
A matching technology brings together vacancies and workers searching for jobs. The
market closes with bargaining between unions representing workers and firms which sets
the market wage. Wage rigidity is introduced via staggered wage bargaining.

Exports. Exports are modeled using a reduced form which incorporates insights from
various models of trade, as well as mirroring the determinants of imports generated by
MAKRQO. The Export demand equation includes a measure of the size of the export
market, a price ratio measure of our competitiveness in this market, a measure of domestic
output, and lagged exports. The price elasticities of export demand in the different
exported goods are fundamental parameters in MAKRQO, as in any small open economy
model. They are a key source of concavity in an otherwise largely linear model and allow
the model to have a finite solution. For that reason a significant effort and care has been
taken in the econometric estimation of these parameters. Details of the econometric work
are available in additional documentation.

Government and public production. One key purpose of MAKRO is to determine
the government budget balance, the structural budget balance, and the effect of shocks
and policy changes on these. The structural budget balance is the budget balance adjusted
for business cycle movements. This is calculated taking the actual budget balance and
adjusting for the output gap and short term deviations in other variables.

From an accounting perspective the government budget balance consists of govern-
ment income minus government expenditure. Government expenditure consists mainly
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of government consumption and income transfers. These are tightly linked to demo-
graphics, to employment levels and, due in part to regulatory constraints, to wage levels.
Government income consists mainly of taxes and duties. The main tax component is the
personal income tax which depends on both employment and the wage level. Corporate
taxes depend on firm earnings. Duties depend on the level and composition of aggregate
demand.

From an economic perspective, the government produces goods and therefore we need
a theory of public production. This differs from its private counterpart in that it is
not built around a specification for the production function but rather on the value of
the inputs into production. In the public sector these consist of depreciation costs, wage
payments, and costs of intermediate inputs. The economic approach is important because
the government is a large employer and this has an impact on the overall equilibrium in
the economy, but also because some of the uses of inputs are part of a planned public
agenda (for example in planned investment) which can be forecasted and in this way
impact on the short term behavior of the model.

Input/Output Structure. The Input-/Output system is the collection of market
clearing conditions, where the demand for materials, private consumption, government
consumption, investment, and exports is met by supply from domestic and foreign pro-
ducers. The supply side of the IO structure is given by 9 domestic and 9 foreign producing
sectors. Some of these will have zero quantities if for example there are zero purchases
from foreign construction sectors or from foreign public goods providers. The demand
side ultimately also consists of the same 9 sector level of disaggregation. However, de-
manded goods have heterogeneous degrees of intermediate aggregation. Investment into
capital goods by firms is sourced from only a handful of producing sectors, consumption
goods demanded by households are intermediate aggregations of the 9 produced goods
into 5 different consumption goods, and exported goods are also different reorganizations
of the 9 goods produced at the bottom of the tree of the economy.

These mappings, for example between the definition of the 5 consumption goods de-
manded by households and the 9 different production sectors, can be viewed not just
as demand coming directly from households and into the different production sectors
through layers of nested sub-utility functions, but differently as layers of zero profit mar-
kets/firms that transform the basic goods into the upper level goods the agents demand.
This transformation then occurs via a constant returns to scale “technology” which gen-
erates the necessary prices. Due to this equivalence, the lower demand-nest levels from
households and firms are coded and contained in the IO computer files, and, as this is a
very dense part of the model, their description is present in both places (in the household,
firm, export, etc, chapters, as well as in the IO chapter).

Finally, at the very bottom of the demand side construction is the decomposition
between domestic production and imports which is given by a constant elasticity of sub-
stitution aggregator. At this level there is substitutability between domestic and foreign
supply in response to price changes. The prices at this level are the most disaggregated
prices in the model, and it is at this level that taxes are included.

Calibration and Estimation. Every chapter contains short descriptions of how we
find values for the respective parameters. The document "The empirical basis for MAKRO"
contains additional descriptions of the different procedures. Currently only the Danish
version of this document is available.

Most parameters are calibrated using available data (over 1,500 in the latest version),
so that the model is consistent with the national accounts. Most of these are “level
parameters” such as the scale parameters in CES functions, which ensure that MAKRO



MAKRO

hits the right levels for the data-covered endogenous variables. The vast majority of
calibrated parameters is determined using a single relation/equation, and this relationship
is static. Solving for these parameters using data is our static calibration procedure.
It yields time series of these parameters for the available historical data period. Other
parameters are determined using dynamic relationships such as forward looking first order
conditions. These parameters are recovered in our dynamic calibration procedure. Before
performing dynamic calibration we need to forecast some parameters obtained in static
calibration.

The static calibration process generates historical time series for the different param-
eters. These time series can display structural trends such as a growing service sector.
They also capture short run fluctuations and structural breaks. This information is
treated econometrically with ARIMA models in order to generate forecasts of parameter
values. With these in hand we can then solve the forward looking equations to recover
the associated parameters.

Finally, some parameters are closely related to short run fluctuation behavior. These
parameters are estimated by shocking the model and comparing the resulting impulse
responses in artificial data with those obtained from SVAR models estimated on actual
data. This is a standard methodology in DSGE models which we bring into our CGE
framework.

1.3 Computational MAKRO

MAKRO is coded in GAMS which is an efficient software for solving large scale systems
of nonlinear equations.

1.3.1 Notation

One problem that arose was that of having a system to name the large number of variables
and parameters in the model. Notation in the documentation is consistent with the code
but not identical. In the code nearly all objects have long descriptive names which allow
for their identification in a dense computational environment. The code names are mostly
in Danish because the users of this code will be Danish, while in the documentation the
working language is English as the model is meant to be understood by a universal
audience.

Some simple organizational choices are made for names in the code: quantities have
prefix ¢, prices have prefix p and nominal values have prefix v. Many variables are
recognizable in the code using common sense: K is associated with capital, L with labor,
C with consumption, Y with output, etc.

In the documentation most object names are much shorter to ease notation while
Greek letters are used for parameters following the academic literature common use. As
an example a depreciation rate will be labeled § in the documentation while having a long
name in the code. One Greek letter pervasive in the documentation is p. This character
denotes usually share parameters which are a part of the widely used CES tree approach
in production and consumption and in the code it is replaced by the letter u. While in the
documentation p will be used identically in different chapters without risk of confusion,
in the code u will have additional characters and indices added to provide identification.

One other aspect of variable name organization is the naming of the same object at
different levels of aggregation. This can be done by extending the variable name for
example to aggregate or consider an age specific quantity, or by using the same name
with additional indexing. For example a superset sx can contain not just the nine items
pertaining to the nine different production sectors in s, but also different subsets of the
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elements in the set s, allowing for various degrees of aggregation without changing the
name of a variable.

One important aspect of the code, and one important capability of GAMS is the ability
to organize the data using indices and sets. As the model has a large number of demand
side and supply side items, identification of such items occurs through appropriate set
description and indexing. For example, an object such as g[d, s, t] will denote the quantity
q demanded by sector d and supplied by sector s at time t.

The most important sets are time (¢), which currently runs from 2000 to 2099, age
(a), which currently runs from 16 to 100, and the non-numerical set, s, which currently
has nine values identifying eight private sectors and one public sector. Additional sets are
used to index capital goods, consumption goods, export goods, and intermediate inputs.
Of these, the last three sets (consumption (c), exports (z), intermediate inputs (r)) are
demand side reorganizations of the nine sector production set s. The index for capital
goods covers machinery, buildings and inventories and is an independent set.

11
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1.3.2 Code organization

The code is divided into different modules which reflect the theoretical chapters mentioned
here. The modules can be solved separately, but each requires inputs from and provides
outputs to other modules.

The code modules are: Consumers and Household Income, Finance and Private pro-
duction, Pricing, Labor market, Exports, Public production, Government, Government
expenses and Government revenues, Input-Output, Taxes, and the module Aggregates.

12
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2 Households

The full description of the household problem contains four separate files. The present file
contains the model and should be read first. The three additional files contain descriptions
of how household income is defined, how the financial portfolio is constructed, and how
the optimal decomposition of non housing consumption occurs.

Households choose optimal amounts of savings and expenditure, and within the ex-
penditure choose the different types of goods they consume. A particularly important
good is housing. The model must replicate several important features of the data. First
moments include aggregate levels and life cycle profiles of housing ownership, mortgage
debt, non housing wealth, and non housing consumption. The peak of home ownership
occurs around age 60 in the data and the average household holds little non housing
wealth until the mid 40’s, after which wealth accumulation explodes. Of the many higher
order moments, the most fundamental one is the marginal propensity to consume out of
an income shock, whether permanent or temporary, and whether it stems from policy in-
terventions or from an exogenous macroeconomic source. All these issues require specific
features of the model.

2.1 Basic Definitions

The model is a discrete time, perfect foresight, overlapping generations model of the life
cycle. The full size of the cohort aged a in period t is given by N, ; and this quantity is
exogenous and obtained from the data. There are two types of households, the financially
constrained and the unconstrained, and this is a permanent state in that a constrained
household is constrained in its entire life cycle, with the same being true for unconstrained
households. A fraction YT of households are constrained in their savings and borrowing
activity. They are the “hand to mouth” consumers. As in Campbell and Mankiw (1989)
these agents spend their entire income every period. The remaining, unconstrained,
fraction 1 — T is able to access bond and asset markets at no cost.

The timing convention is that all decisions are taken, income is realized, and consump-
tion occurs at the end of each period. The household problem for each type is to choose
an optimal consumption path over the life cycle given its income path. The income path
is actually endogenous as the household decides also on its participation in the labor mar-
ket, but that choice is discussed in the labor market chapter. Furthermore, consumption
of different non-housing goods is the result of a CES nest optimization sequence which
relates to the input-output structure of the data, and this is also detailed elsewhere.

In terms of exposition this chapter is closely linked to the labor market chapter. In
the text the following symbols are generally used with the associated purposes: n will
denote an elasticity, § a destruction or depreciation rate, 7 will denote a tax rate, and 6
will be the preference discount rate, with 8 being a discount factor. Y is the fraction of
hand to mouth consumers.

2.1.1 Age, Utility, and Survival Rates

Individuals live up to age A, and the age index runs a = 0, 1, 2..., A, where the index value
a = 1 refers to the first age of life when children are born and until they become one year
old. The first index value a = 0 is reserved for an initial condition for children in the
model. Consumption and income flows of an individual aged a during period t are written
cq,t and y, ;. The stock of accumulated non-housing net financial assets B are defined
at the end of the period as the result of the current period’s decisions and are written
By 1, so that B,_1 ;1 are assets determined at the end of the previous period and carried
over to the current period ¢ when the agent is one year older. The variable B excludes
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mortgages and pension wealth but includes any non-mortgage bank debt incurred in the
process of buying a house.

Both types derive utility U, ; from non durable consumption ¢, ; and from housing
services arising from the end of period stock of owned housing D, ;. Utility is a CES
function and has a habit component as we detail in the appendix. Define the partial

derivatives
c — aU(Lt Ud — 8Ua7t
at aCvaz,t ’ at a-Da,t

Unconstrained households also have warm glow utility Va]ieq from leaving their assets as
bequests in case of death. These assets will consist of any financial assets B, ; plus any
equity on housing available at the time of death. Constrained households die and leave
housing in bequests, but since, as we detail below, they make no optimal decisions, there
is no need to define a bequest utility function for them.

We define the survival rate s, ; to be the probability an individual aged a at time t
will be alive and making decisions at time t+1, one year older.

2.1.2 Budget constraint

The budget constraint of any individual household of type j, aged a, can be written as

J o _ R J J J c Jj J J
Ba,t = Bafl,tfl + ra,tBafl,tfl + Yo — ptcfz,t - f (Da,tv Dafl,t71>

J — RJj
Bai"i—l,t—l =B
The object Bi ini_1 4, denotes non housing assets carried over from childhood and avail-

able at the first optimizing age a’™ which is 18 years of age. This is a quantity B’
calculated from the data and detailed in the subsection on children below.

Received bequests are included in income yi,r Households receive bequests from, and
leave bequests to, both constrained and unconstrained agents. Income includes wages,
taxes, transfers, and pension payments.

The object f captures all elements of the budget constraint that relate to housing.
The non durable consumption price p§ is a CES aggregate price which is the same for all
types and ages as the CES consumption tree is assumed to be the same for all types and
ages. Prices contain taxes and/or subsidies implicitly. The index j will be omitted from
this point onwards unless required for clarity.

2.2 Optimization

A financially constrained household has no net financial assets, B,; = 0. Its budget
constraint is given by

0= Yot — picat — f (Daty Da—1,-1)
It does not make any optimal decisions and instead allocates income between housing and
non durable consumption according to an exogenous relationship

Da,t - XDDathfl = ,u/a?t X (Ca,t - chvafl,tfl)77

where u,f{t is an exogenous calibration object, the x are habit parameters, and 7 is an
elasticity of substitution. Currently the baseline calibration selects uﬁ ; such that housing
of constrained and unconstrained households is the same, Dg%"* = D" for all periods.
This then changes if we shock the model where uﬁ ; is of course held constant.
Unconstrained households choose both non durable consumption and housing se-

quences optimally to maximize the discounted present value of utility flows.

60ur model of housing has its roots in the model of durables by Mankiw (1982).

14



MAKRO

2.2.1 Unconstrained Households: savings decision

The optimal decision for B is given now. The dynamic first order conditions can be
obtained mechanically by replacing the consumption variable with the budget constraint
in the sequence problem, and choosing end of period assets at every age. We obtain

11 R, 1 ov,5
c _ s Uc “ 1— u s
a’tpg piyy, 140 a+1t18at + 1+6 ( Sat) 0B+

where RE is a marginal rate of return
a+1,t+1 ’

0
Rf+1,t+1 = 837(17,5 {1+ ra41,641) Bap}

The household trades-off current with future marginal utility of consumption. On the
left hand side, the last unit of income used for current consumption yields 1/p§ units
of consumption with marginal utility Ug ,. Optimality implies this must be identical to
what is obtained from alternatively saving this marginal unit of income, earning a gross
marginal return R, and using it next period for consumption, taking into account that
one may die. This is given by

1

C

{ —Ussr,41 ¢ Bat1e41
Pia

weighed by the survival rate s,; and discounted by the factor ﬁ to match the current
marginal utility. On the other hand, in the small chance (1 — s,;) that you die, you get
the marginal change in bequest utility, BVfteq/ 0B, which is measured in the future
and discounted back for mechanical consistency, as in case of death the agent only dies
tomorrow (and therefore after the current savings decision).

Last period of life

The household lives up to 100 years of age, as we need to truncate the model. The
survival rate is therefore zero in the final age, s4: = 0, but bequests still occur. With

this parameter at zero we obtain

L1 1 oV
Atpe " 1460 0Bay

and this condition determines assets at the end of life. However, setting the survival rate
at zero induces an abrupt change in behavior at the end of life that distorts the optimal
choice due to the truncation of life. We instead use the following equation where the
survival rate is the actual rate observed at 100 years of age, sa; # 0, and where we
replace the would-be consumption of 101 year olds with the consumption of this period’s
100 year olds:

VBeq

1 1 1 , oVyy
US — =—— 4 s RaUS, +(1—s :
A,tpg 1+6 {p§+1 AgtlvAtYU A ¢ ( Aﬂf) 8BA,t }

2.2.2 Unconstrained households: Housing

Housing is a durable stock variable and an element in the optimal choice of overall con-
sumption. Like savings, the choice of housing is a dynamic forward looking decision
with an associated intertemporal first order condition. The general expression for this
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condition is”

Begq

1 aft d Sa,t 1 D aft—H (1 — Sa t) avat

Uc 7 — U ’ c R Ba _ > >
g (8Da,t) g et e Bt Bt T g ) TR0 9D,

which reads: when you sacrifice 1/p§ units of non durable consumption today and use the
money to buy extra housing, you have an immediate marginal utility loss from reduced
consumption. This is the left hand side of the equation. On the right hand side you gain
immediately the direct marginal utility of the durable good, U,‘it, and also tomorrow a
gain of bequest utility if you die, and, if you don’t, the marginal utility of non durable
consumption associated with the effect of the additional housing bought today on tomor-
row’s income. This effect contains the income released due to the fact that less housing

investment is needed tomorrow gg*i. It contains also the impact of housing decisions

on portfolio choices via R”. This last effect helps characterize the user cost of housing
in more detail as the household faces mortgage interest costs on the mortgage part, but
opportunity costs on the non mortgage part. These opportunity costs now reflect also

the change in portfolio weight on bank debt when the volume of housing changes.

2.2.3 Putting the two together

It is useful to aggregate the two first order conditions:

e e Oftt1

1 1= sa0) [OVAET OV G

ci—USER,; = U;it + (1—844) o it gDa,t
e ) 1+6 0D, + 0Bq Ry 1

because it yields the user cost expression:

USER,, = |y L O Revvnp
- Doy  RP, ,0D.; RE, . %

User Cost of D, ; measured at time t.

2.3 Children

Our consumer starts life as a teenager. The data reveals both income and assets for
children below the optimizing age in the model, which is 18 years.® Fitting the budget
constraint of these children is important as it allows us to correctly calibrate initial wealth
at 18 years of age, and also to correct for otherwise excessive consumption of the associated
parental household.

Rather than modelling children as optimizing agents, we let their consumption be
implicit in the parent’s problem and create an exogenous income transfer variable from
parents to children that will fit the child’s budget constraint at zero consumption and is
just enough to hit the asset target at age 18. Children are born with zero assets and for a
few ages they actually have recorded disposable income, so that their budget constraints
are given by

Bui=Ba-1,4-1+1atBa-1,t-1 +yDisp, +Transfer,,

BO,t:O
0<a<18

7Just as in the savings optimal choice, this equation needs to be adjusted in the final age of life.
80ptimal labor search decisions start at age 16, and this is possible because, by eliminating wealth
effects from the labor decision we make the two problems independent of each other.
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where the initial condition By has an index zero for age, since it denotes any assets
carried over from before the first age of life. Since any transfers are current flows and
bequests received are included in the income variable this quantity must be zero.

Total transfers received by children of a given age, Transfer,+ x Ng+, are paid for
by the adult cohorts that have children of that age, which we know from the data. We
then take an equal amount from all parents so that one parent with for example a 13 year
old child will pay the same amount to that child that every parent pays for a 13 year old
child. Parents of different ages will have different numbers of children of various ages,
and therefore across the age of parents the total amount spent in child transfers will vary.

As we calibrate this equation to the data, we obtain the value of initial assets for agents
at the first optimizing age. Note that for the purpose of this document, the transfer from
the parent to the child is hidden inside the disposable income variable of the parent.
Finally, as this is a correction of income it applies to adult rule of thumb consumers as
well as to adult optimizing agents.

Only children who grow up to be unconstrained agents are the beneficiaries of such
transfers. Constrained children simply do not exist as we set their budget constraint to
be identically zero at all ages until they start optimizing life at age 18 with zero assets.

2.4 Aggregation

Aggregates are constructed as: income Za Ny tYa,t, consumption Za Ngthit, assets
N’ B’ ., and housing N’ .D? .. The population of a given age at a point in time
a”'a,ta,t a*'a,t™a,t
will generally be such that

Na,t = Na—l,t—lsa—l,t—l + Ia,t - Ea,t

where some agents will have either left, F, ;, or entered, I, ;, the country at this point.

We make the necessary assumptions to ensure that those entering the country have
the same consumption, income, housing and employment as surviving residents, otherwise
the model would have an intractable amount of heterogeneity. On the other hand, those
leaving take with them their assets. As for housing, agents leaving sell their housing stock
while agents entering come in with zero housing, such that the total amount of housing in
the country in unchanged by immigration, and retains its characteristic of being a good
that is not traded across borders.

2.5 Detailing the f housing object

The housing the household buys and sells is an object which aggregates “bricks” and
land. The “bricks” part of the house is produced mostly with inputs purchased from the
construction sector. The country’s entire stock of land is held by households inside their
housing good, and land available for the construction of new houses is the land released as
a result of housing depreciation.® An intermediary then buys output from the construction
sector as well as other intermediate inputs, and buys land from households released from
depreciated housing, packages these together, and sells the resulting housing good back to
households. Land is introduced in MAKRO in order to have a production factor in rigid
supply. In reality Land is not a totally rigid factor and we allow for exogenous increases
in the aggregate stock, but land prices are a key component of house price movements.'?

Housing is also the overwhelming source of household debt, and housing finance is a
major fraction of total financial activity. Houses here are financed with a mortgage with

90nly the bricks part of the house dies with depreciation. The corresponding land is sold. The
depreciation rate ¢ is derived in the appendix.
10Davis and Heathcote (2006), The Price and Quantity of Residential Land in the United States.
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an age specific fraction of mortgage financing to house value, j, ¢.'! This is a loan to value
(LTV) constraint.!? The object f, is exogenous to the household but it is modeled to
include the effect of house prices. Therefore the model generates quantities for mortgage
debt which change via the extensive margin (as the stock of housing changes) as well as
via movements in prices when the extensive margin is constant. The modeling of pq; is
discussed in the appendix.

We introduce an exogenous supply of rental accommodation, H, with also an exoge-
nous rent, to capture the non negligible amount of existing public and regulated rental
housing. We do not model the link between the rental market and the owned housing
market and therefore rent expenses appear only as an exogenous term in the budget
constraint of the household, and rental housing does not yield utility.

Owned housing enters the budget constraint via the object f. This object is a cost
function which contains costs with financing, taxation, and maintenance, and deducts
revenues from downsizing and from land sales. We now detail the elements of f with
extended algebra and proofs in the appendix. Define first net investment in housing of
an agent aged a at time t as

2ot =Dgt— (1 —04) Dg—1,4-1

where in the first optimizing age we have 241 = Dq ¢.
Then postulate the exogenous relationship for the mortgage debt stock X fl‘f[t,

M D
Xa,t = Ma,tpt Da,t

where i, is exogenous to the household. Combine now assets B, income, and rental
housing in the auxiliary variable A:

ANgt=Bat— (14+741)Ba1,0-1 — | Jar — rentiHy
P ———
Ya,t
so that we obtain the budget constraint
Agt+ PtCCa,t + f(Dayt,Dg—1,4-1) =0

In the appendix we show that mortgage payments and down-payments can be manipulated
away from the budget constraint so that we get

f (Da,thafl,tfl) = (1 + r;nort) Mafl,tflpthlDafl,tfl - Na,tPtDDa,t
+PtDDa,t - PtD (1 - 6t) Da—Lt—l
+ (TtW + xt) PtD71Da71,t71

D Land
P21 D110

Since f is a cost function we have non mortgage financing (1 — y1,), wealth taxes 7V
and maintenance costs x;, and mortgage interest payments 7" all with a positive sign.

Carried over undepreciated housing, and income earned from selling land, are revenues
and therefore appear with a negative sign. The appendix details the computation of the

factor a"? which defines the revenue from land sales. Collect now terms to get:

f (Day, Da—1,4-1) = (1 = pta) PP Day

1 Endogenous mortgage ratios make the current model too big and complex to solve.
12Kaplan, Mitman and Violante (2017) include loan to income (LTT) constraints.
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D

P
+ {(1 + 1) pg—1 o1 + 1Y+ e — Pfj (1-68) - af“"d} PP Dy141
t—1

The partial derivatives of this expression which enter the user cost expression and the
optimality condition are now trivial to compute and are all either exogenous to or taken
as given by the household.

2.6 Bequests

Warm glow utility from bequests is fundamental for the model to be able to replicate
the large amounts of wealth held at the late ages of the life cycle. Not only that, the
shape of the bequest utility function also limits the level of debt households can incur
during the young ages of the life cycle and it is the mechanism that substitutes both for
precautionary savings and for credit constraints in the model.

2.6.1 Death

The key property of death is that, in any given period, it occurs before the relevant
decisions are taken. On January first of period t the agent is alive or dead. If he is alive
he has to wait 365 days until December 31st to consume and save. On the other hand,
if he is dead he has no more income and no longer consumes or saves, and his assets are
distributed amongst his heirs as an exogenous income transfer. However, this transfer is
only received on December 31st of period t.

2.6.2 Bequests Received, Liquidating Housing, and Bequests in Utility

All agents leave bequests to and receive bequests from both constrained and unconstrained
agents. Constrained agents leave zero net financial assets, but just like unconstrained
ones leave considerable housing. In the event of death houses are sold and mortgages are
liquidated, so that bequests received will consist of liquid assets plus the liquid value of the
equity on the house after liquidation. Given the exogenous mortgage ratio relationship,
in the event of death the equity that is transformed into liquid assets next period is given
by
(1= pat) Pt?rlDa,t

This is then taxed and the resulting net value received by the multiple heirs.'® From an
accounting perspective, bequests given and received must add up to the same amount,
corrected for taxes. The mapping from bequests given to bequests received is done with
an allocation matrix M; constructed from the data and detailed in the appendix.

Bequests do not just enter the budget constraint. They are a key object in preferences.
The utility from bequests obtained by the dying agent is given by

Beq 1=n
a,t

Vot =& |
5t 1— n

and now we define the interior object X as

t
+¢!

Beq __ beq (1 + T(l+17t+1) Ba,t +ptD+1 (1 B ,LLa) Dav
X' =(1-147 =
’ Pih1

I3Higher liquidation costs of houses relative to liquid assets in case of death can be a significant incentive
to substitute away from housing at the end of life, and help explain the downsizing pattern observed from
around age 60 onwards. However, as we cannot currently observe these costs, we leave them out.
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It is important to note that, as this is a utility construction, there is a degree of
freedom in the definition of the object Xfteq. Here we attach value to the sum of assets,
rather than, for example, attaching a separate special value to the house, although both
formulations are feasible.'* The fundamental property to preserve is that it is a concave
and increasing function.

The derivatives of this function are given by

B B
3Va7teq _ (1 _ Tbeq) Ra+1,t+1 50 |:XBeq:| -n
6Ba,t t+1 ptc+1 a a,t

Wi * _ ( beq) (1 —ua)pt’ilfg [Xf,’fq} -

-
ODq, o ptc+1

The utility associated with bequests is parameterized with £2 and &!. The interior
parameter £! will be strictly positive in some ages to accommodate the possibility of
negative total assets at death, which is a possibility at the first young ages. An upper
bound on £! implies a lower bound on combined assets. This of course implies an upper
bound on debt as it proxies for precautionary savings in the model.

2.7 Household Income

The budget constraint of the household is given by
Ba,t = Ba—l,t—l + Ta,tBa—l,t—l + Ya,t — f (Da,ta Da—l,t—l) - PtCCa,t

The income term ¥, incorporates a large number of taxes and transfers as well as the
exogenous expenditure in rental housing. Before we detail the different elements inside
Ya,¢ it is useful to briefly define the rest of the items in the budget constraint.

Wealth B denotes non housing net financial assets and excludes pension wealth. It
includes ownership of financial stocks and bonds, as well as bank deposits, and subtracts
non-mortgage bank debt. The object f contains all items of the budget constraint that
relate to owned housing and consists of total net expenditure on owned housing. The term
PtCC’aﬂg denotes all non-housing consumption expenditure. Consumption prices include
taxes. The rate of return on wealth r, ; is a portfolio rate of return.

2.7.1 Income

The income variable y, . contains the following elements: labor market income from
employment and non employment, y}ft, net pension income, yf: y - yf; tC, expenditure on
rental housing, and net taxes and transfers.'®

_ W PY PC rent Net
Yat = Yarr T Yar — Ya,& — Ry""Hgy + Taﬂ:

Net taxes and transfers TN contain an assortment of income transfers T)Y,, various
TBeq

wt » net income flows

taxes not related to housing or pensions T7,, received bequests

associated with children T¢%9em and residual items.'

1414, Liu, Yang, and Yao (2016) have a CES function of housing and other assets as bequest utility.
Kaplan, Mitman and Violante (2017) do as here.

15 abor market income is (1 — Ttw) ha,tPa,tWa,t [qg’t + “g,t (1 — qg’t)] where hq tpa,tWa,t is the wage

per hour per productivity unit, and (qg oMy t) are respectively the fraction of time employed and the

replacement ratio for the non-employment benefit. More detail can be found in the labor market chapter.
16The object Tchildren in the code is: vBoernFraHhla,t] - vHEhTilBoern[a,t].
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Net __ Y T Beq children other
Ta,t - Ta,t - Ta,t + Ta,t + Ta,t + Ta,t

Of all these different items, only labor market income is endogenous to the household
as it results from a decision of how much to engage in the labor market.

The tax object T, captures a large number of specific taxes.'” Income taxes, local
taxes, property taxes, taxes on financial income from stocks, taxes on income from indi-
vidually held companies, estate taxes, labor market specific taxes, etc.'® These taxes are
grouped differently depending on the purpose. For example, wealth taxes on property are
removed and included in the housing term f.

2.7.2 Different income definitions

In the budget constraint we can define income in a variety of ways. We defined above
the income variable y, ; excluding gross financial income and excluding terms related to
owned housing. This is convenient from the point of view of handling the model and its
first order conditions for optimality. However, there are other ways of defining income
which relate better to the data.

Financial income

First we can add financial income to the initial income variable:

Ba,t = Ba—l,t—l + 7na,t-Ba—l,tt—l + Ya,t 7f (Da,ta Da—l,t—l) - Ptcca,t

including net financial income

The return on assets rq;Bq—1,¢—1 that we use in the budget constraint is a gross return,
Ta,tBa—1,t—1, 50 that the taxes paid on financial income 77, ¢+ Bq—1,:—1, are included in the
term 7, inside yq . The sum 74 ¢Ba—1,¢t—1 + Ya,t, is then an object that contains net (of
taxes) financial income.*”

The reason we do not directly work with a tax rate on interest earnings in the budget
constraint is that income taxation incorporates all income (interest income, wages, etc)
and applies a tax rate on the total. One cannot, without further assumptions, identify
the tax on returns. Therefore, it is gathered in the budget condition. However, we need a
marginal tax rate on returns for our first order conditions. And the return is a portfolio
return with stocks, bonds, deposits and bank debt. There it is assumed that stocks are
taxed at an average of the high and low share return tax rate (where the high is weighted
at 0.2), while for tax on bonds and bank deposits it is assumed that they have the same
tax rate as the average for the current cohort (the marginal tax rate varies by age because
the fraction of population paying top tax varies with age).

Other items

Similarly, inside the housing object f we have wealth taxes 7V PP, D,_1 -1 which
effectively reduce disposable income. We could then write

W pD 2 C
Ba,t = Bafl,tfl + ra,tBafl,tfl + Ya,t — Ty Ptleafl,tfl _fa,t - Pt Ca,t

including net financial income and removing wealth taxes

I W pD
P12 30 —Lt= - — —Lt=
fat = f (Do, Da—1.1-1) — Tt PiZ1Dg—1,41-1

Taxes are not the only items in the housing object which are expenses carried over from
the previous period and which reduce disposable income before any decisions can be taken

17Tn the code this object is constructed with the variables vtHh[aTot,t] and vtHhx[a,t].

18In the code: vtDirekte[t], vtKilde[t], vtBund[a,t], vtTop[a,t], vtKommune[a,t], vtEjd[a,t], vtAk-
tie[a,t], vtVirksomhed[a,t], vtDoedsbola,t], vtHhAM][a,t], vtPersRest[a,t].

19Note that the marginal return on assets, which enters the dynamic optimality condition, is the after
tax return.
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in period t. Other expenses are housing maintenance, x;, and mortgage interest payments
Tt on the fraction of the house mortgaged ta—1,t—1, which reduce disposable income
as they are firm prior commitments. On the other hand the income associated with land
sales on depreciated property increases disposable income.

In our model of the household the full disposable income before decisions are taken is

therefore

- aLand I
mort t
TatBa—1t—1+ Yo — |70 +17 " pa—1,4—1 + T — 5t7PD P~ 1Dg 11
t—1

including net financial income and removing wealth taxes, mortgage interest, and maintenance, and adding land sales

Finally, from the point of view of the data, rental housing expenses are a consumption
decision, and so while in the model they are a lump sum item, in the data they are not

a part of disposable income. We can then write
Land
tti
D
Py

rent w mort D
TatBa—1,t—1 + Yair + By Hoy — |7, + 17 pa—1,0—1 + Tt — 0 P2 1Dg—1,t—1

including NFI, excluding rental housing, removing wealth taxes, mortgage interest, and maintenance, adding land sales

2.7.3 Income of HTM households

These have no assets so their budget constraint is
0= ya,t - f (-Da,h Dafl,tfl) - PtCCaJ

Income of HTM households is not model consistent. Taxes on capital income and
wealth taxes are included in 77, but cannot be removed without further assumptions
imposed on the data. The same is true for taxes on interest income and interest expenses
as they are part of taxes on personal / taxable income and cannot be identified. On the
other hand taxes on income from stocks can be removed. So, the income of HTM agents
is identical to that of optimizing agents with the following correction

HTM

_ Stocks
ya,t = Ya,t + Ta,t

2.8 Pensions

Pension income enters the disposable income of households as an exogenous income quan-
tity, and pension wealth satisfies accumulation consistency requirements which are also
exogenous to the household.

MAKRO uses a simplified version of the detailed pension model in DREAM. The
data is taken from the DREAM pension model and aggregated into three pension types:
1) pensions that have already been taxed (alderspension, index label *Alder’), 2) capital
pension (kapitalpension, index label "Kap’) taxed with a flat rate, and 3) the aggregate
of other pensions, taxed when received by households (ratepensioner, livrentepensioner
and ATP, with index label 'PensX’).

As MAKRO does not distinguish between gender within a cohort, we sum pension con-
tributions paid by men and women into their pension funds, as well as pensions received
by men and women.

2.8.1 Pension wealth

The three diferent types of pensions, indexed by j, are modelled as three separate actu-
arially fair pension schemes. The law of motion for individual pension wealth Bf: 7 in a
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given pension scheme j is similar to the one for net financial assets in the household:

PC,j PY,j

No_1-1
S + ya,t - ya,t

Py _ P,j P,j pP.j
B.i = | Byt rai Baliia N

a,t
TRfy’tJ: Total Return

The stock of pension wealth Bf’ . is the amount of wealth in the pension fund available
to distribute as pension income to a recipient of a given cohort. The object yf: ¢ denotes
pension contributions which are payments made by households into the pension fund.
The object yi ¥ denotes pension income which are payments made by the pension fund
and received by households.2°

Pension wealth is corrected for population changes to ensure the entire pension wealth
is distributed and the pension fund does not go bankrupt. The aggregate pension wealth
of the household is given by the sum over the pension types:

P _2: P,y
Ba,t - Ba,t

J

and the aggregate pension wealth of a given pension fund is given by
P,j P,j
Bt - ZNa,tBa,,tj
a

and the index j will be ignored unless it is deemed useful in an explanation. The object
BtP ) is an asset for households and a liability for the pension fund. The pension fund is
a zero profit vehicle so that its assets equal its liabilities to households.

2.8.2 Pension Contributions and Pension Income

It is assumed that an exogenous part of wages is paid as pension contributions to each
type of pension. The object yfto is such that
Yo = A0S wa
The parameter )\fz ¢ is calibrated so the pension contribution matches the pension
data from DREAM.
It is also assumed that an exogenous age specific share of the primo pension wealth is
paid out and received by households each period as pension income yf; ¥ such that

PY _ \PY P
ya,t - )‘a,t X Bafl,tfl

The parameter )\i ¥ is calibrated so the pension income received by households matches
the pension data from DREAM.?!

The entire pension system is calibrated such that all pension contributions are even-
tually paid out to the household, and this takes into account the fact that we truncate
the life span to 100 years of age.

Figure 1 at the end of this document shows the cross section of contributions and
income in 2016 for PensX.

20In the code the different objects are labelled as follows: Bf’tj = vHh[pens, a, t], with contributions
yf,tc’j = vPensIndb[pens, a,t] and pension payments yff’j = vPensUdb[pens, a,t]. The pension type
index j is pens = (PensX, kap, Alder). Total return is TRf’tj = vHhPensAfk|pens,a,t].

21Tn the code we have for each pension type j: Af?‘j = rPensUdblj, a, t], /\ff‘j = rPensIndb[j,a,t] .
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2.8.3 Finite lives: death before age 100

Unlike the household budget constraint where the assets of the dead are given away as
bequests, here the pension assets of the dead are managed by the pension fund, and are
redistributed as a bonus to pension recipients. Therefore, the object yf; Y contains this
bonus payment. To make this point clearer we can write the law of motion again and
separate “normal” income yP Y from the “death bonus”:

yifNa,t = ﬂiwa + (1 +7h,) 3571,1571 (1 —=5a-1,4-1) Na—1,t-1

death bonus

Going back to the law of motion of pension assets

Ny_ 14—
~PY P a—1,t—1
P P P Noo1i1, po Yar T (T474,) B 141 (1= 5a-1,4-1) N
Ba,t = (1 + Ta,t) Ba—l,t—l N ‘ +ya7t a,t
a’ .
Total Pension Income per Person
which we can write
~PY
No-141 Ya,t
BP — 1 +Tp BP7 B Sa—1 tflai’ +yPC _
@t ( a’t) embimb e Nat @t "Normal" Income per Person

2.8.4 Finite lives: truncation at age 100

Pension accumulation is modeled to replicate observed pension wealth stocks and flows
at all ages, including those older than 100 years. Thus, pension wealth does not vanish
at age 100. As in the model there are no surviving 101-year olds the actuarial fairness in
the model is closed by paying the terminal wealth as a balloon payment to the 100 year
olds. Therefore, at the terminal age

N\ Nao—1¢—
P, A-1,t—1 PC,j
OZ(BA 1t— 1+TRA§>7N +Yas? (yAtJ+B )
At ,
Total Payment
The pension fund does not disappear even though cohorts die. Aggregate pension wealth

(end of period) in the pension fund is then given by

A-1
P _ P
By = E Na7tBa,t
a

As a final remark, not all pension types run until age 100. Some pension schemes end at
an age prior to age 100 and therefore the algebra above applies to the pension-specific
terminal age.

2.8.5 Pension Portfolio Composition and Returns

The aggregate pension wealth of the pension fund B} is invested in stocks and bonds. The
pension fund portfolio structure is a simpler version of the household portfolio. Assets

of a specific type i held by the pension fund j, Al f , are an exogenous fraction of total

wealth:22
APJ = w I B

22 Assets of a specific type are indexed by i = bonds, domestic equity and foreign equity.
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The financial portfolio of the pension sector is assumed to be independent of the different

type of pensions (capital, taxed, non—taxed) it consists of, and so Pf = wf ; has no

pension type index j, and so APJ = w?l BPJ . The return on pension wealth is then
independent of the type of penswn (except for the adjustment terms in the historical
period to match data).

The return consists of two terms: an interest rate r{ and a revaluation rate r*F'. The
interest rate for the pension sector consists of weighted average for interests for bonds
and dividends for equity in its asset portfolio:23

oPI_ 2 TitA 4P 2T Wiy b
t t - D
Z A D Wi
—_———

average portfolio interest rate rf
where if an asset is a stock (i=stocks) , the rate is the (observed) dividend rate

DIVvstoc/cs,t

T'stocks,t =
’ ‘/stocks,t—l

The revaluation rate on pension sectors assets are also given by a weighted average with
an adjustment term:

RP 4PJ RP )
RP,j __ Z L ,t 7A’L it Pyrev,j __ Ez Ti,t . wi,t P,rev,j
Tt = 71)] + Jt = — 7 +Jt
ZNAZ £ > Wi ¢
—

average portfolio revaluation rate TRP
and the revaluation rate in the case of stocks is the capital gains rate.2
The individual adjustment terms for interest and capital gains are a measure of the
deviation between the average rate and the observed rate. As we use the average rates,
we also capture these individual adjustment terms in a joint term for total returns. The
total return on pension wealth is given by:
P
TRat = (1_7}13) (Tt +7"RP) By +JTRP

where 71 is the effective tax rate on pension returns and JZ f”tp is a pension type-and-
age-specific adjustment term that ensures that the age-specific return matches the data
(DREAM'’s pension data). The interest r and revaluation r*f terms are the average
terms construted above and are the same for all pension types j. The differences in total
return across pension types are then absorbed by the adjustment term JIZF which is
common to the interest and capital gains objects. The final condition is that the sum of
adjustment terms for all cohorts equals zero on the total of all pension types j.??

TRP

agt =0

{a,j}

The reason pension returns are the same for all different pension types is that we assume
all pension firms have the same portfolio.

23Where i € {Bonds, Equity, Foreign Equity}

24The capital gains rate takes into account new stock issues. New stocks issues are exogenous to the
model. The value of the firm determined endogenously in MAKRO is only the fundamental part of the
firm. That is the value added generated by hiring production factors and actually producing and selling
output.

25In the code the different objects are labelled as follows: 7/ = ftFAL.tPAL pP = plnterestPension

RP Return RP — ,.RevaluationsPension
J Jpcnszon,a,t’ and Tt =Tt .
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2.9 Household’s Financial Portfolio
The budget constraint of a household is

Ba,t = (]- + ra,t) Ba—l,t—l + Ya,t — Ptcca,t - f (Da,taDa—l,t—l)

and only financially unconstrained households have non zero net non housing financial
assets, B # 0.

The model only generates endogenously the variable B, but in the data this quantity
is made up of the sum of different assets (stocks, bonds and bank deposits) minus the
sum of liabilities (bank debt), so that B = A — L. This decomposition of B into assets
and liabilities displays systematic patterns over the life cycle, and here we detail how to
capture these features and use them in our model.

2.9.1 Assets and Liabilities as functions of B

The exogenous portfolio composition is estimated from the data as given in the following
example with one asset and one liability. Assets A are related to net financial wealth B
through the equation

Age =14+ ABg

and we have the same for liabilities
La,t =1+ ¢Ba,t

and as we must have that A, — Lo+ = B, + we therefore must have the same intercept
and the restriction A — ¢ = 1.

We then estimate only one of the equations, for example for assets, using OLS.?6
Then for historical data we add the orthogonal OLS error to the estimated intercept I
so as to replicate the portfolio data exactly. For forward looking simulation we leave the

orthogonal error (which has mean zero) out and use the estimated parameters, (f , 5\7 é),

plus endogenous B to generate a portfolio going forward.

2.9.2 General Structure

This structure generalizes to multiple assets and liabilities as follows: for several asset
types i, and liability types j , ' 4
A;Lz,t = Izzz,t + )‘zBa,t

L{z,t = Ig,t + ¢jBa,t
RO WES
i J
Zlé,t - Zlg,t =0
i J

and we need to estimate all but one of these equations.
The intercept terms I, are general functions of age and of auxiliary variables. We
consider polynomial functions of age and linear functions of auxiliary variables X, with

and we then have constraints

26QLS is adequate as the relationships we are estimating are not a behavioural model. They are instead
a way to capture the patterns observed in the data more acurately than just using averages as done in
DREAM.
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aggregate net assets B as a scaling factor. With a quadratic polynomial and with one
auxiliary variable X the intercept would look as follows

i i | Bt i | Bt ij | Bt i | Bt
with
Ny = Za Na,t B; = Za Na,tBa,t

N =>",aNa; Xe =30 NagXay
Ni* =3, a° Ny

With this structure on the intercept term we want to impose individual constraints
on all parameters. In this example they would be

S he- Y B =0
i J

Zlf,t _ZI{’t =

i J

Zlé,t - Zlg’t =0
i J

Zli,t - Zli,t =0
i J

DI SR
i J

The reason we impose these constrains is that they ensure consistency for any values of
the right hand side variables X and B.%"

Remarks The estimation procedure and the exact specification of these relationships
are agnostic (given the specification assumed) with respect to the data. There may be
theoretical reasons to think portfolio composition should vary over the life cycle. If the
data contains such heterogeneity, the estimated parameters will reflect that by, having
different values for different assets. In addition, the estimated portfolio is an optimal
portfolio, because the underlying assumption is that agents made optimal decisions that
resulted in what we observe. As the entire household problem generates endogenous
variation for B and X, the estimated portfolio model allows for endogenous variation of
its constituent parts which by design is an optimal portfolio adjustment.

2.9.3 Homogeneity

The way the intercept terms are defined plays a role in ensuring homogeneity in the model.
Homogeneity is ensured if when increasing all state variables by a common factor A the
model yields all other variables factored by the same A such that no relative quantities
change.

In this portfolio structure the proportionality in aggregate net assets ensures homo-
geneity. The example above puts a quadratic polynomial in the life cycle of the dependent
variable and leaves the parameters ()\i, I ;i) to measure the deviations from this poly-
nomial. Also, in the age dimension this model has a constant intercept in I, x B;/N;
yielding an error which is orthogonal to the life cycle, a property which is very useful in
the forecasting role of the model.

27 As age is exogenous we could bundle (o, I, I2) in a single constraint, but not the other paremeters.
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Using this expression for the intercept I when we aggregate the dependent variable
(for example assets) we obtain the desired proportionality which ensures homogeneity:

:ZNavtAz7t:ZNatllt+)‘ ZNatBat_ZNatIat+)\Bt

B, B; B, i
ZNat<IOtN +IltaN0«g€+I2tNaaa “’I; XiXa,t>+ABt

Al=[L+ 1, + 15, + I, + X] B

2.9.4 Marginal returns

Given a portfolio structure we now must fit the budget constraint on historical data. The
budget constraint with explicit assets and liabilities is

Bot=DBo—1,-1+ ZTiAi (Ba—1,1-1) — ZTng (Ba—1,t-1) | +etc

Realized Total Return

and, given observed/realized rates of return, it is completely characterized. The realized
return on assets is

Z 7"2[3—1,75—1 - Z rg]é—l,t—l + Z Ti)‘i - Z Tgfbj Ba-1,t-1
i j i j
The marginal rate we are looking for is then

Rﬁ:R-J+n_J+<ZyW—§yMO

and 7P is not age dependent since the parameters ¢ and A are not age dependent and we
assume that rates of return r¢ or 7] on any assets and liabilities of unconstrained agents
are not age related. Note that interest rates on bank debt may well be age related but
we rule that out.

This is not the only marginal rate. If the auxiliary variable is endogenous there will

be a marginal rate given by

- (Z il = o )

7

2.9.5 Housing

Since bank debt is likely to be related to housing purchases, we can select the housing
stock Dg; (or housing value PtD D, +) as an auxiliary variable X, ;. As the portfolio here
is related to the housing stock, the choice of housing now influences the savings decision
through its impact on portfolio composition and returns. Note that as the household
changes its decision on housing and on net financial assets, the portfolio adjusts within
the model as the data suggests it should. This adjustment is still exogenous as optimal
portfolio composition is implicit in the estimated parameters of the portfolio structure.
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The additional marginal rate

_ Bt i .
= (S~ o)
i %

is generally non zero, unless the rate of return on assets and liabilities is the same.

This marginal rate helps characterize the user cost of housing in more detail as the
household faces mortgage interest costs on the mortgage part, but opportunity costs on
the non mortgage part. These opportunity costs now reflect also the change in portfolio
weight on bank debt when the volume of housing changes.

2.9.6 Shocks

Each different asset or liability has its own reward, and, in the absence of shocks to the
model, realized and “expected” returns are identical. Since MAKRO is a perfect foresight
model, when a shock occurs it changes the environment from one probability 1 scenario
to a different probability 1 scenario. In the impact period of the shock (and only then),
domestic stock returns (and only those) will differ from “expected” returns. Realized
returns are always included in the budget constraint. Expected returns (which obey
arbitrage conditions in the absence of shocks) are always included in the intertemporal
first order conditions.

2.10 Data?®

As households in MAKRQO are divided in 100 age groups, it is a requirement of the data
set used to calibrate households that it contains data distributed across those age groups.
The task that MAKRO will be used for also requires that the sum of the wealth profiles
over age correspond to the totals found in the national accounts. Such a data set was not
available prior to the creation of the MAKRO life cycle profiles.

The administrative data used to create the wealth profiles is drawn from the Statistics
Denmark’s administrative data on wealth, with some additional data being drawn from
the Lovmodel database. Aggregate data on wealth is drawn from the national accounts.
Returns are based on aggregate data and the portfolio composition implied by the created
asset profiles.

The assets profiles are created using two steps: First a correspondence between the
administrative data and the asset structure in MAKRO is established. Most of the asset
and liability types in MAKRO have clear correspondences to the administrative data.
This includes bank debt and deposits, real estate, mortgages, and bonds. In MAKRO
stocks are divided into foreign and domestics stocks, but Statistics Denmark’s wealth
data only contains information on the combined value of stocks. Data from the Lovmodel
database is therefore used to divide the combined value of stocks into foreign and domestic
stocks. In the second step the asset and liability profiles are then scaled proportionately
to match the aggregate values from the national accounts.

Rates of return are calculated based on aggregate values from the national accounts.
Combining the rates of return with the created asset and liability age profiles, results in
age profiles for total returns.

2.11 Estimation of the portfolio model

Figure 1 shows the 2016 data on housing value, p” D, , and on net assets, B, ; as well as
a polynomial fit. We know that a polynomial function can achieve as close to a perfect fit

28Reference: Christian P. Hoeck (2020). “The creation of lifecycle profiles for households in MAKRO.”
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of the data as we desire. In the subsequent figures we show the individual series that make
up B, stocks, deposits, bonds and bank debt. Net assets B are the sum of stocks, bank
deposits, and bonds, minus bank debt. These series are shown together with a polynomial
fit and a choice model such that the model can be compared to the polynomial. The idea
is that a parsimonious model comes very close to a tight polynomial fit.?"
Each equation is estimated separately by OLS. The selected specification for the re-

gression equations is . ‘ '

App=1Ias+ A Bay

. [B) .. [Bi . [B
IZz,t = Ié,t {Nt] + I{,t |:]fo1:| +I¢Zi,t |:l)t Da,t

and for bank debt it is also A ‘ ‘

sz,t = Itjz,t + ¢JBa,t

. (B [B . [B
Itjz,t = I(j),t {Nt] +I{,t |:]\[ta:| +Ic]l,t |:l)t:| Da,t

and estimations results are contained in the table at the end of the document. Several
comments are in order.

o domestic stocks are the main item in the portfolio.
e there are virtually no bonds or foreign stocks.
e bank debt is closely related to housing.

As Bonds are the portfolio item which is smallest, being quite close to zero, we make them
the residual item in the portfolio, estimate equations individually for all other items, and
impute bonds residually by imposing the constraints on the parameters. The final two
graphs show the actual data, the fitted data, and the imputed data on bonds for 2016
and 2017 data. The imputed series are identical to the fitted data so that nothing is lost
by imputation.3?

29While it is not surprising to find that the R squared of the polinomial regressions exceeds the one
from the choice model, the important feature is that the chosen models perform extremely well. This is
also not unexpected since the variable B is a result of the sum of its different parts and B is a regressor.

30TImputation only eliminates the numerical 7 to 8 digit computational error and ensures the constraints
on the parameters hold exactly.
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Portfolio 2016: Domestic Stocks
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Portfolio 2016: Foreign Stocks
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Portfolio 2016: Bank Deposits
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Portfolio 2016: Bonds
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Portfolio 2016: Bank Debt
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Regressors: Age, Housing, Net Assets
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Regressors: Age, Housing, Net Assets
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Table 2.1: OLS Regressions

Bonds Deposits ~ Stocks(All)  Stocks(D) Stocks(F) Bank Debt

Intercept -0.001984 -0.04043*  0.09516* 0.08835*  0.006807 0.05275*
Age 0.015013  0.55045*  -0.51458*  -0.43865* -0.075925 0.05088

Housing 0.001878  0.08569* 0.45835* 0.36790*  0.090455*  0.54592*
Net B 0.028256*  0.02272 0.80220* 0.77367*  0.028531"  -0.14682*

R-sqrd 0.8567 0.9588 0.9915 0.9881 0.2339 0.9309
2016 data. 5th Degree Polynominal Regression.
R-sqrd 0.8686 0.9823 0.9112 0.9136 0.2243 0.9898

2016 data. * Significant at 0.1 percent, " Significant at 5 percent. Note that the coefficients of
Stocks(All) equal the sum of the coefficients of Stocks(F) and Stocks(D).

2.12 Consumption components

At the top of the household utility function we have two goods: owned housing and the
non-housing consumption aggregate. The utility function is everywhere a CES function
combining goods. Owned housing is a single good with no subcomponents. Non-housing
consumption, on the other hand, aggregates many elements through a CES tree structure.
Note, however, that rental housing is not an element in the CES tree, but instead it is an
exogenous element in the budget constraint of the household.

The optimal choice of total consumption, savings, and housing, is described in the
household chapter. In this chapter we detail the determination of the components of
total non-housing consumption, C, +. The first decomposition of this object contains five
different goods which are organized in the upper part of the tree. Household demand for
these five consumption goods is a part of total demand for output from the nine domestic
sectors as well as for imported goods, a process described in the Input/Output chapter.

2.12.1 The Upper tree

Within the utility function the different types of consumption come together in the fol-
lowing CES nest structure where non durable consumption of an agent aged a at time ¢

is given by C, 1 = C’(fFGTS:
Cg:tEGTS
\
C(zczg'r's CE?TS
\
cercgrs
\
ngods Cg:f

I

CTourism CServices
a,t a,t
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2.12.2 The Lower Tree

At the end of each branch we have specific consumptions. These consumptions are com-
plex objects because they can be commanded from domestic or foreign sources, and be-
cause they can aggregate output from different sectors. The multisectoral composition of
consumption components is a necessary result from the decomposition of the production
side of the model into 8 private sectors plus the public sector, which must be allocated
into the 5 consumption components above. Take the consumption of goods as an example.
These goods can be produced in the manufacturing sector, in the agricultural sector, or
in other sectors, and, to use two specific products as examples, not all beer is produced
in Denmark, and not all apples are Danish.

The lower tree is organized in a specific sequence with the allocation of the nine pro-
duction sectors into the five consumption goods in level 1 (on top) and the decomposition
between domestic goods and imports in level 2 (at the bottom). This is a hypotheti-
cal example of the lower tree for Cg,?“ds where we see manufacturing, construction and
agriculture in level 1:

Goods
Ca,t

G,const\gr
Ca,t t

G,man
s, co

GM,D GM,F GA,D GA,F
Ca, t Ca t Ca t C t

All five consumption components have the same lower tree, although not all compo-
nents have all branches. As an example there is no contribution of agriculture to the
combined consumption object “cars”. This object consists mostly of manufacturing and
services on the production side. Services here include sales, freight, and other services,
and make up around 30% of the consumption object “cars”. Manufacturing makes up
(most of) the remaining 70% and within that most of it is imported manufacturing as the
cars themselves are not made in Denmark.

Having described the shape of the tree, we can now describe the optimization sequence
that applies to the tree.

2.13 CES optimization

The approach of nested CES cost minimization is described in detail in the production
chapter. The problem here is identical, only simpler as there are no extra elements such
as technological progress or variable utilization multiplying consumption quantities. We
can summarize the problem at every level of the consumption tree as follows
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y 1, om-1 L1 m=1]w-T
vy = 0= [)F )T+ () ()7
Derivative = 86%7 _ (ui %Z)n
Demand/F.0.C. = Ct = piCh (%ﬂ)
Constraint = PiCH = piCh 4 pi CY
CES Price = P¥ = {,ul (pl) + pd (pj) }

Here the p are scale parameters, and the 7 are of course elasticities.

2.14 Upper Tree in the Code

It is useful here to make the connection to the variable names and equations we observe
in the code. Our five consumption goods have indices cBil for cars, cEne for energy,
cVar for goods, cT'ur for tourism, ¢T'je for services. There is also an index entry cBol
for housing, although housing is not included in the tree. All these six individual indices
are collected in an index set c.

The above sequence of CES cost minimization problems is only present in a compact
way via intelligent indexing allowed by GAMS, so that a single instruction combining one
expression for all first order conditions and another expression for all constraints solves
the problem for the entire upper part of the tree.

Not only that, in the code we will not see a CES tree indexed by age. We assume
the utility weights are identical across ages so that all cohorts have the same non-housing
consumption decomposition which allows us to use total consumption C; = Za Co,tNa
in the tree problem.

C C _ E c C
chest,tchestﬂf - qci,tpci,t
{c_}

C
C €cNest
c _,C C chest,t
QCi,t - uci,tchest,t pc

c_,t

To make these expressions clearer we can look up at the figure of the upper tree.
The object qENest,t from the previous equations is any one of the nest objects C(EEGTS ,
EGTS (GTS
a,t ’ a,t
equations.
The equality sign in these two equations is further controlled by a mapping cNest2c¢__[cNest,c_].
This mapping ensures the right branch of the tree is allocated to the right trunk object.
The compact indexing relationship between the sets cNest and ¢__ is designed to include
the entire upper tree. The set cNest is a set with all upper nests in the consumption
tree.3! The set c¢__ consists of all the components from both sets ¢ and cNest. Notice also
that the elasticity of substitution is indexed by cNest. This elasticity is not the same at
all levels of the tree. Finally, in these equations u$ , are the scale parameters (utility

c_,t
weights 1) and ey, ., are elasticities (1).

, and C’gf , depending on which problem is being solved in these sets of

31In the code cNest = {cX, cTurTjeVarEne, cTurTjeVar, cTurTje} with cX being an index for the
aggregate non durable consumption.
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Table 1 below contains the values of these elasticities and also the budget shares of
the different goods. The scale parameters follow budget shares in the data period (2017

and earlier) and in the forecast period (2018 and later) are given by ARIMA estimates.
32

2.15 Lower Tree

From an organizational standpoint we do not need to include the two lower levels of the
tree as a demand object. We can alternatively think of these two levels as a packaging
intermediary that takes inputs from domestic and foreign production sources to produce
a final consumption good.

Several simplifying assumptions make this notional decoupling of the lower tree from
the household problem easier. First, the tree (including the upper tree) is the same for
all ages. This implies we can work directly with demand aggregated over all ages (and
we proceed below without the age index). Second, every problem in the tree is a zero
profit object. This means we can take (for example) the outcome of the demand for cars
from the upper tree in the household problem, and allocate it to the demand for output
from the production sector using the mechanics of the lower tree without thinking of it
as consumer behavior.

For these reasons the lower tree described here is also a key object in the input-output
chapter where all aggregates are collected and the market clearing conditions are defined.

2.15.1 Lower Tree, level 1, private production sources

In level 1 we source the five consumption goods from the nine production sectors. Here
we assign fixed proportions, and we do so for all consumption goods. This is equivalent
to having a Leontief demand and is the same structure used in the ADAM and SMEC
models.

It is partly because we have a Leontief assignment in this level of the tree that we
can think of the lower tree as technology rather than as consumer behavior. It is easier
to think of technology as rigid than to think of an absolute inability to substitute be-
tween different consumption goods. However, because we have defined the problem of
the production firm at the 9 sector decomposition, the structure that emanates from the
5 good consumption decomposition is also naturally a demand side object, and therefore
we include this description here.

In terms of parameters, as we do not have an elasticity of substitution (it is zero), we
have only the fixed proportions (scale parameters). For example we can see in Table 2
(2017 data) that for cars in level 1 we source them from manufacturing (circa 71%) and
services (circa 29%) and so we have approximately

man ’ serv 0.71 ’ 0.29

Cars . CtCa'rs,man CtCars,se'r'u . CtC'ars,man CtCars,serv
Cy = min = min
Hears Hears

so that equivalently

CCarsgman _ mancca'rs
t - Mcars ™'t
Cars,serv __  serv ~Cars

Ct = Hears Ot

32 “BEstimering af Forbrugssystemet i MAKRO”. Anders F. Kronborg og Christian S. Kastrup, March
2020.
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where generally we have 1 = pS57% 4 pam.

For other consumption goods we have Leontief functions with different inputs. We
can see in Table 2 (2017 data) that the consumption of the energy good uses mainly the

production good energy (ugns,,, = 0.82) and some produced services (us.,, = 0.16),
and a bit of manufacturing (u3s,.,, = 0.02). It does have other inputs of negligible

contribution.

Ene ’ Serv ) man

Energy,Ene Energy,Serv Energy,man
CEnergy _ . Ct ' Ct ' Ct '
t = min
luEne'r'gy luEnergy lu’Energy

In the code we have:

10

Uj,s,t o Ji
jlg = ujl-’s’tqjé, j={rck},J; ={R,C,I}
Pjst
where vj{gt = p§27tq]142,t. The upper index reads J,. = R, J. = C, J, = I. This system

applies also to the demand by firms for intermediate inputs (r, R) and for investment
goods (k,I), so all these lower tree constructions are contained in one equation in the
code.

In this example the contribution of produced services to energy consumption has
parameter

Serv _ 10 _
ﬂEnergy - uEnergy,Ser'uices,t =0.16

Lower Tree, Level 1, public production sources

The above Leontief structure does not apply to private demand for public goods/services.
This particular component, if and when present in any of the five consumption goods, is
exogenized in the manner of the following hypothetical example.

Consider the consumption good “services” Cervices = N, ,CF¢™““s . Remove from
this total the quantity provided by the public sector, C; " B¥G°”  Then take the net
services quantity, CServices _ gServBuGov. _ oNetS - anq apply the Leontief structure
from Table 2 (2017 data) to it:33

NetS,man NetS,serv NetS,sea NetS,man NetS,serv NetS,sea
CNetS _ (1 uPub ) mln Ct Ct Ct _ 0 84szn Ct Ct Ct
t = — MServ man ) serv ) sea - ’ ’
HServ Hsery HServ 0.02 0.81 0.01

Now, at this stage we would expect to have these coefficients sum to 1 and therefore filling
the net services (net of public input) shares exactly:

0.02 N 0.81 N 0.01
0.84 0.84 084

This is, however, not exactly true, although these factors do sum to extremely close to
unity. The price of the “Leontief Output” in this case is given by the following equation:

NetS ~NetS _ pman ~NetSman serv ~NetS,serv sea ~NetS,sea
P oh = P, + PP C, + PjeeC,

where after substitution we obtain

PNetS — pman 0.02 + pserv 0.81 + psea 0.01
K b084 Tt 084 f 084
33Note that we work with the aggregate quantities because the decomposition is the same for all ages.

. . S ByG
Furthermore, since all cohorts have the same tree structure, government services by age, C.)¢""7Y~7%",

are given by the total consumption by age relative to total consumption of all ages.
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such that the “Leontief Output” price P/N*® is determined given the prices and coeffi-
cients, even if the sum of the u is not exactly 1.3

Table 2

For the entire consumption demand we have then 40 Leontief ug(;iﬁz%,ﬁwn parameters
after subtraction of the parameter/share of the demand for public goods. This share of
public production affects only one consumption good, that of services. All parameters
are collected in Table 2 below.?® There we can see that in the first column “Pub” only
the row describing services has a positive value.

2.15.2 Lower Tree, level 2

In level 2 we source the subcomponents of the production part of our consumption good
from domestic (dom) and foreign (for) sources, and we use a standard CES decomposition
for that.?6 We have now scale parameters and elasticities. For the decomposition of the

. Cars, . .
manufacturing subcomponent of cars, C;”“">™*" we have demand aimed at domestic
Cars,man,d . .
sources, C, "M M “oiven by the CES first order condition
Pdo’m “MNears
CCars,man,dom o man,domCCars,man man,t
t — Fecars,t t PCES(dom,for)

cars,man,t

. . c .
and demand aimed at foreign sources, CC ™™/ given by

man

PfO’r‘ ~MNears
CCar&man?fm“ _ man,forCCars,man man,t
t - MC“’"Svt t CES(dom,for)
cars,man,t
with scale parameters uZﬁZf ™ and uﬁi?{ °" and elasticity 57", This elasticity is

currently set at 1.25, and it is the same for all branches in the tree. This number is taken
from the DREAM model. We are in the process of estimating different values for these
parameters for the different branches.

The CES price solves the standard zero profit optimization problem and can be written
directly

1
. 1—non _pman ) T—nmam
CES(dom,for) man, for for cars man,dom dom \1="cars cars
Pcars,man,t - :ucars,t P + cars,t (P )
Given the prices which are exogenous to the consumer, and given the elasticities, the
) duction,d
key assignment parameters that allocate demand are the scale parameters pb 2%t roreom

demand,t )
production, for
demand,t

2.16 Tables

Table 1 contains elasticities and budget shares in the upper tree. Budget shares are the
corresponding fractions of nominal expenditure,

34Public sector contributions to private consumption of services follow public consumption (public
expenditure G). For example, it is the part of kindergardens that is privately financed (the part you pay
may be 5-10% of the real cost). These contributions are taken first and considered exogenous. p~°? is
given by this exogenous amount. The other p adjust so that the sum restriction is satisfied. Generally
we would have Z p =1 and the sum restriction would be intuitive. However, in practice prices are not
set to 1 in the base year.

35 Again taken from “Estimering af Forbrugssystemet i MAKRO?”. Kronborg and Kastrup (2020).

36In the code domestic sources are labelled (y) as output, and foreign sources are labelled (m) as in
imports.
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§i— Pl
P A
Table 2 shows the Leontief proportionality factors in level 1 of the lower tree. Empty cells
in Table 2 imply the consumption good of the respective row does not contain components
from the production sector in the respective column.

Table 3 has information on the level 2 of the lower tree. Empty cells in Table 3 imply
the consumption good in the respective row does not include goods produced in that
column. They correspond to the empty cells in Table 2. Cells with a D imply there is
production from that sector but only domestic production. Accordingly the foreign share
is zero in the following row. Cells with an F imply there is only foreign supply from that
sector into that consumption good and accordingly the foreign share in the following row
will be one.
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Table 2.2: Upper Tree Elasticities () and Budget Shares
n Budget Share 2010, 2017

C and Housing 0.3 Cars 0.032 0.035
Cars — Nest 0.2 Energy 0.091 0.074
Energy — Nest 0.0 Goods 0.310 0.295
Goods — Nest 0.7 Services 0.325 0.342

Services and Tourism 1.1 Tourism 0.040 0.041
Housing 0.202 0.213

Overall utility intertemporal elasticity of substitution is 1.
Budget shares are given by S; = p; X ¢;/sum;(p; X q;).

Table 2.3: Lower Tree, Level 1. Leontieff Factors pucolumn,

Production Sectors, 2000 Data
Pub Man Agr Ser Ext Con Sea Hou Ene

Cars 0.58 0.42

Energy * * 0.14 0.86
Goods 0.46 0.01 0.53 * * * * *
Services 0.18 0.01 * 0.80 * * 0.01 * *
Tourism 1.00

Production Sectors, 2017 Data
Pub Man Agr Ser Ext Con Sea Hou Ene

Cars 0.71 0.29

Energy 0.02 * 0.16 0.82
Goods 043 0.01 056 * * * *
Services 0.16 0.02 * *

0.81 * 0.01 * *

Tourism 1.00

2000 and 2017 data. Rowsum = 1 (almost exactly). p coefficients &~ budget shares.
Empty cells => no input. Cells = * => Negligible input.
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Table 2.4: Lower Tree Level 2. Elasticities 7, and Foreign Share Sj.

Production Sectors, 2017 Data
Pub Man Agr Ser Ext Con Sea Hou Ene

Cars n F 1.25
St 1 0.35
Energy g 1.25 1.25 1.25
Sy 0.12 0.11 0.24
Goods n 1.25 1.25 1.25
Sy 0.33 034 0.27
Services 7 D 1.25 1.25 1.25
St 0 0.24 0.3 0.21
Tourism 7 D
Sy 0

Elasticities between foreign (f) and domestic (d) production. Tables entries are
conditional on positive demand from the respective production sector. The foreign
share is given by Sy = py X q5/(py X g5 + Pa X qa)-

2.17 Data details
2.17.1 Tourism

There are both imports and exports of tourism. Imports of tourism consist of how much
Danish households consume abroad and are given by the demand component C'cry, ¢
from the tree above. This is a normal consumption good and its demand increases with
income. Exports of tourism are determined in the foreign sector chapter and its aggregate
is given by X:zryr +. Total consumption of foreigners in Denmark is also divided into
consumption groups in the foreign sector chapter and is given by CCT,,?“”S’E.

The following object is useful in handling data. It is the value of consumption groups,
PgtC'c’t, 37 which are given by the value of aggregate consumption of Danish households,
PgtHHCf(iItH, and tourists, PCC;tTou'ristCC]?gurist:S8

C _ pCHH ~HH CTourist ~Tourist
Pc,tCC,t - Pc,t Cc,t + Pc,t Cc,t

Whereas in the model Danes and Tourists face the same prices for the same goods,
in order to match the data they cannot face the same price for the same consumption
components. We therefore use an adjustment factor

CTourist _ \pCTourist pCHH
Pc,t - )‘c t Pc t

where )\ICJSTOW'M is a parameter used to fit the data. It is assumed that this price margin
remains constant going forward.
The value of aggregate Danish consumption does not include the consumption of

foreign tourists in Denmark:

C _ C CTourist ~Tourist
P’tot’,tC'tOt',t - E (Pc,tCC,t - Pc,t Cc,t )

[

37This includes danes doing tourism and consuming in italy, and also italian tourists consuming in
copenhagen. In fact, in the data the consumption of foreigners in Danmark is implicitly included in all
consumption goods.

38This equation also applies for housing services which are not part of the tree. As we assume there is
no tourist consumption of Danish housing this correction becomes zero.
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This implies P,got,,tC’/tot/,t = R?o?f{ C/I;Io?’,t' The quantities are almost identical, but there
is a small difference because C,?Ogyt is a CES-aggregate and C'yo ¢ is a chain-aggregate
given by:

C _ C CTourist ~Tourist
P’tot’,tflc'tOt',t - E (P ,tflcC,t - Pc,tfl Cc,t )

c
c
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2.18 Appendices - Households
2.18.1 Calculating the Bequest Allocation Matrix

This section follows Boserup, Kopczuk, and Kreiner, (2016). Households take bequests
received as exogenous and these enter the budget constraint as an additive term which is
“hidden” inside the income variable. Even if agents receive bequests in the first period of
economic life (age 18), we still have the initial condition for assets that By, is taken as
given by the agent, as we exogenize transfers associated with children.

An individual of any given age receives bequests from agents deceased also at any given
age. The distribution of bequests is modeled through a time varying matrix M;(aq, ap)
where the indices refer respectively to the age of the deceased and to the age of the
heir. This allocation matrix is general in that it encompasses all deaths, not just deaths
of parents or grandparents, and all heirs.?® As an example, children also die and leave
assets to their parents and siblings.

When an individual dies in the model, he leaves a bequest. Assume that the individual
dies at age a4. The distribution matrix My (a4, ap), describes the share of his bequest going
to an average aj year old individual. A given fraction of his wealth which he leaves as
bequest is distributed equally by all agents of age ay,.

The distribution matrix

The matrix M;(aq,ar) is based on estimates of individual bequests from Danish ad-
ministrative data. These estimates are obtained using a difference-in-difference estimator.
This measures how the difference in wealth of an individual of age aj, whose relative of
age aq has died, differs from the the difference in wealth of the average person of age ay,.
This results in estimates of several specific bequests from ag4 year old individuals to ap
year old individuals. Let i be the index for each specific transfer from an aq year old
to an ay, year old. Hg, 4, i+ is then the estimated nominal amount transferred for each
specific transfer. These bequests given by individuals in age group ay4 to individuals in
age group ap are then summed and divided by the total number of a4 and a; year olds
(not just the ones involved in estimated bequest transfers but all individuals). The result
is a data frame containing the average bequest H,, 4, + received by an aj year old from
an aq year old, regardless of whether a relative has died,

1 ~
Hadyah,t = N N § Had,ah,i,t
ap,ttVaq,t i

All transfers agto ap

where N, ; is the number of people of age group x. The age groups range from 0 to 100
and the time span is from 2000 to 2012.%° The average bequest given/left by an individual
from age group aq is then given by

Had,t = ZHad,ah,tNah,t = Nl Z <Z ﬁad,ah,i,t>

ap, ad,t ap,

All transfers agto all aj,

Due to the sparsity of these matrices, they are averaged over time

39The sample is larger than in Boserup, Kopczuk, and Kreiner, (2016). Nearly everyone who dies has a
son or daughter, a parent, a nephew or niece, an uncle, etc. Therefore unaccounted would be only those
who die completely alone, and yet have substantial assets to distribute. The odd bequest to a dog or cat
may also fall outside our data.

40Note that age zero in the data corresponds to index 1 of age in the model.
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1 & 1 «
Had = TZHad,tv Had,ah = TZHﬂd’ah’t
t t
The share of an agq year old’s bequests received by an aj year old is then
~ Had ap
Ranan = 1,0
aq,ap Had

This share contains a large amount of noise. We therefore conduct a non-parametric
estimation, using a local linear regression with the age of both giver and receiver as
dependent variables and a Gaussian kernel. X,, q, is then replaced by the fitted value
Xaa,an -

Since Xa,,q, is time invariant, Xa, q, Na,,+ Will generally not sum to 1. This means that
bequests given will not be the same as bequests received. To prevent this, the shares are
normalized so that we finally obtain the allocation matrix

Xad ap,
M; (ag,ap) = =——"""——
¢ (aa an) > :ah Xaa,an Nay t

These have the desired property that

Zah Xaa,an Nan t

= = ]_
Zah Xadg,an Na;“t

Z M, (adv ah) Nah,t

ahp

Therefore total bequests given will equal total bequests received.

Consistency

Since people die at the end of a period the total bequest given by a deceased member
of age group ag4, consists of his assets at the end of the period, which in the case of
the model are net financial assets B,,; and housing.*’ Here we proceed using only
net financial assets B as an illustration. This means that the average bequest given by
a member of age group aq is (1 — s4,,¢) Ba,,t Where s,, . is the survival rate, i.e. the
probability of an a4 year old also being alive at age aqy + 1. Total bequests given by all
age groups at the end of time ¢ after all decisions have been taken are then

Hy =Y (1= 500) BagaNags

ad

Bequests are received in the next period. The average bequest from an a4 year old
deceased at the end of period ¢ — 1 received by an aj year old in period t will therefore
be

(1 = say,t—1) Bay,i—1 My (aq, an)

The bequest received by a member of age group ay;, at time ¢ is then given by

Hah,t = Z (1 - sad,tfl) Bad,tflMt (ad7 ah) Nad,tfl

ad

41Tn the data the value of property is included in the wealth difference such that the allocation matrix
we use is consistent with the model.
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This in turn results in total bequests received being

ZHah,tNah,t = Z (Z (1 - Sad,t—l) Bad,t—lMt (adaa‘h) Nad,t—1> Nah,t
ap

Qap aq

Xaa,an
= R - S pu—" T S— | D\
;(Z( agd,t ) aq,t Zathd,ahN . aq,t ap,t

an an,

Xaa,anNay,
E (1 = say,t—1) Bay,i— 1(2 D G 0n "0t >Nad,t—l
¢

ap, Xadvah QAh,

= g — Sag,t—1 Bad,t—lNad,t—l =H,,

so that total bequests given last period equal total bequests received this period®2.

2.18.2 Land and housing depreciation

The housing D, the agent owns is an aggregate object containing “bricks” and land.
The entire stock of land is held by households inside their housing good. An intermediary
buys “bricks” and buys land released from depreciated housing, packages these together
and sells the resulting housing good to families. Here we make an important simplification
to the model for practical reasons. As over time the exact composition of new housing
in terms of bricks and land may change, so does the implicit composition in terms of
bricks and land of the total housing holdings, and this affects households of different ages
differently. We simplify the model by assuming that the composition of housing in terms
of bricks and land is always identical for all households. This avoids having to trace two
additional age specific stock variables (bricks and land) inside the household problem,
and is similar to the assumption used in the labor market where the age distribution of
workers is the same in every firm.

Now, inside the housing good “bricks” depreciate but land does not. Nevertheless,
the depreciation rate of the housing object is still the depreciation rate of bricks, as the
land associated with depreciated bricks is released and sold by the household. Therefore
we account for the released land as “lost” in the normal law of motion

bricks
Za,t = Da,t - (1 - 5t ) Da—l,t—l

and “recover” it as household revenues from land sales.

One final detail is that new land is released into the economy every period. The
aggregate land variable grows exogenously and this land growth is helicopter dropped
on households proportionally to their individual land holdings. In order to settle the ac-
counting of land sales we must determine the individual land holdings relative to aggregate
land.

Unconstrained agents own the following fraction of total land:

Dy x (1=T)Na—14-1 1
> (XD, +(1=")Du™S ) Na—14-1) (1=T)Na—14-1

The term in squared brackets contains the fraction of total land held by the cohort. The
second term is 1 over the cohort size. The product of the two yields the fraction of

42The amount actually available as disposable income for the receiver differs from the amount given
due to transaction costs, taxes and interests payments.
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individual land holdings. Eliminating terms this equals

o 1 = DYy e
s S (D, + (- 1) D ) Nawas)

Using the same reasoning unconstrained agents have the following fraction of total
land: D§°", | 02f°"®. The term 2/°"% is of course the same for both types.

Now we are ready to determine revenues from land sales. The total quantity of land
being sold is the land released by housing depreciation plus the helicopter land growth,
Landf‘”es = 5fri0k3Landt,1 + Land; — Land;_. Individual revenues from selling land are
then given by

Da—l,t—l QtLandPtLandLandtSales

This quantity is now adapted to the model in the main text by defining the object afemd.

This is given by
Land pLand Sales
oLand _ 2 Py Land;
- D
Pz

where af* is the same for all types and ages.

A final remark regarding depreciation is in order. Housing depreciation can be en-
dogenous. Maintenance investments prolong the life of a house. Such investments amount
to home production or to purchases from small to medium size service providers such as
plummers and carpenters. This can be modelled by extending the law of motion into

Dyt = (1 — 8+ (yZ”)) Do_14-1+ Zap

and adding an expenditure item y;”* in the budget constraint. This level of detail is not
required at the moment, but can be implemented later if necessary.

2.18.3 Utility Function, Rigidity, Reference Consumption.

Utility.

The unconstrained household maximizes the present discounted value of utility flows.
The present value of this sequence must account for the possibility of death along the way.
Denoting the utility of consumption as U and the utility of bequests as W this sequence
can be pictured as follows

————— Bstp1Upp1 ———— Bst2Ury2
(1= se41) Wy (1 — st42) Wit

In game theory language, death is an exit from the game tree. Every item in the game
tree has a respective probability calculated from the perspective of an agent who is alive
at time t. These probabilities change as life expectancy evolves over time. This sequence
then has a summation representation (now with age and time indices)

A /3 -1
Sat = Ua e+ E H Bati,t+i H Satitti | [SatitriUatsiri + (1= Sapjtrs) Warj—1,t45-1
J=1 \i=1

i=1

It is this object that our optimizing agent in MAKRO optimizes each period.
CES utility flow.
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A large number of references in the literature use a Cobb-Douglas specification, but
many use also the CES function which is the one we use.

aUa t 1 -n a,t s
= U Ua s
80(17,5 a,t [ ’t] x Ca,t
and 1
OUq 2/ 1M Ug,tﬁayt E
aTM = Ua,t — [Ua,t} Tl’t

Reference consumption and household size
We use a reference target for consumption and housing to calibrate rigidity. We write

Ua,t =U (Oa,h Da,t)
Here Cﬂht denotes consumption net of a reference quantity with a coefficient y:

= o Ca,t C Cafl,tfl
Cop = =22 — O Zobizd
Ca7t Ca—l,t—l

The weight, ¢, ¢, depends on the number of children in the household*?

1 .
hild
Car =1+ 5”22 ren

We do the same for housing by considering the following object inside utility

s Da,t DDafl,tfl
Da,t = - X
Ca,t Ca—Lt—l

The reference quantities Cop_1 +—1 and D,_1:—1 can be viewed as the average of the
cohort in the previous period, rather than the individual household’s own previous deci-
sions. In this way they are exogenous to the household.

Total cohort consumption, Cé?fal , is given by the sum of the consumption of rational
and irrational agents

Cltl(’);fal _ Na,t [(1 _ *r) unc oy con]

a,t a,t

and likewise for the housing stock

D(t;;fal — Na,t [(1 o *r) unc TDCOTL}

a,t a,t

43Children are a late addition to this model. They are a noticeable life cycle pattern which affects
household savings and consumption behaviour and it is usefult ot make it explicit. The object (q,t
requires changing the way the first order conditions are writen in the text but the change is marginal
and therefore we do not make it explicit in the text at this stage. The contribution of this variable seems
also to be largely caught in the CES utility parameters vfm we recover, and therefore this addition to
the model is currently under review.
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2.18.4 Housing in the budget constraint

Preliminaries
The law of motion for the housing stock is

Da,t = (1 - 5(1) Da—l,t—l + Za,t

When we derive the budget constraint we consider the cases of positive versus negative
net investment in housing since when z,; > 0 we want to to impose a down-payment
constraint but when z,; < 0 we do not.

In order to make the budget constraint below easier to read define the composite
variable

Aa,t = Ba,t - (1 + rg,t) Bathfl - yDiSPa,t + renttHa,t

We postulate the exogenous relationship for the mortgage debt stock X %, such that
mortgages are proportional to the value of the house

X(% = /’La,tPtDDa,t

where 4+ is a variable which is exogenous to the household, and which we detail below.
Endogenous mortgage ratios would not only add choices and variables to the problem,
but also imply handling corner solutions which would be computationally problematic
given the size of the model.

The budget constraint: positive investment in housing

Consider first the case of z,,; > 0. The term M, ftp > 0 is the fraction or amount paid
in cash when increasing the housing stock (the down-payment), and m,, ; is an unspecified
mortgage payment. In this case the size of the mortgage stock obeys the law of motion

X]\/I _ (1 +T§nort) Xéwl,t—l + PtDZa,t o MaD,tP — 1y

a,t — — t

)

The budget constraint of the household is
Aa,t + PtCCa,t = _M(Etp — Ma,t

w D D Land
- (Tt + xt) Pt71Da71,t71 + Pt71Da71,t71at an

where 7" is the wealth tax rate, x; measures expenses in running the property, and

the last term is the revenue from land sales. Now use X,; = umPtD D, +, and the laws
of motion for D and XM to get

Aa,t + Ptcca,t = - (1 + Tznort) ,Ufa—l,t—lpt[llDa—l,t—l + /La,tPtDDa,t
*PtDDa,t + PtD (1 - 5t) Da—l,t—l

w D D Land
- (Tt + xt) Pt71Da71,t71 + Pt71Da71,t71at an

The budget constraint: negative investment in housing
Consider now the case of z,; < 0. The budget constraint of the household does not
have a down payment fraction but rather keeps the entire proceeds of the net sale

Aa,t + PtCCa,t = _PtDZa,t — Ma,t

w D D Land
— (Y +2¢) P21Da—14-1+ P2 Da_1 410

Since none of the revenues are used to pay down the mortgage, the size of the mortgage
stock obeys the law of motion

M _ mort M
KXot = (1 + 1y ) X Xglq 21— Mayt
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When we put the two together we obtain exactly as above
Aa,t + Ptccmt = - (1 + r;nort) ,U/afl,tflpthlDafl,tfl + MaﬂfPtDDa,t

~PPDuy+PP(1—6)Da 1,41
— (7" + @) P2yDa1y1+ P21 Do prap ™

There is no asymmetry in the problem. This makes sense. Once you fix exogenously the
mortgage ratio, it does not matter whether net investment is positive or negative since
the size of the mortgage is no longer a choice. Of note is also the fact that the mortgage
payment m, ; disappears entirely from the problem.

The f object

Reorganizing terms yields the f object we use in the main text.

f (Da,tv Dafl,tfl) = (]- - Ma,t) PtDDa,t
D

P
+ {(1 + 1) pg—1 1 + Y+ e — Pf:, (1-68) - af‘md} PP Dy_141
t—1

The Mortgage Ratio p
Mortgages are proportional to the value of the house

X%g = ﬂa,tPtD-Da,t
where pq + is exogenous to the household and is given by
PP,

Hat = Ma’t??

where fi, ¢ is a calibration object exogenous to the model.
The reference price Pfft is a function of current and past prices of the form

Pft = Fa,tPtD + (1 - Fa,t) ]51?71,#1

The factor I'y ; is a measure of the number of new mortgages. A simple measure is the
ratio of current investment over final stock
r _ Za,t o Da,t - (1 - 5d) Da—l,t—l
= =
¢ Da,t Da,t

In this way, for the first age of economic life when houses are bought, I', ; will be 1
implying all mortgages are new and subject to the current price. This number I'y; is
bounded above by 1 and since D is always positive it has a finite lower bound. Younger
agents are much more subject to the variation in house prices than older ones.** The
ability to finance through a mortgage therefore varies with house prices. Given I', ; the
ratio

DD DD
uat:ﬂat@:ﬂat Fat+<1_rat)@
3 3 PtD ) 3 ) PtD

falls at impact with an increase in house prices. The household can mortgage more as
prices increase, since X% = a PP D, increases with the house price keeping all else
constant, but less than proportionally. Leverage ratios fall with house price increases. But

44We can of course use a value of T' that is constant over the life cycle. Our model of firm debt makes
it proportional to the firm’s capital stock. There, although we do not do so at this moment, we can use
this exact specification with a constant I" as the firm has no life cycle.
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since I', ; changes endogenously as housing decisions react to house prices the mortgage
ratio is more reactive. Leverage ratios fall slightly more with house price increases if
investment falls. The exact effect depends on how persistent the increase in prices is,
which affects the investment decision. A temporary increase in house prices should trigger
a strong fall in investment. A permanent one not necessarily so. We use a slightly more
general way of writing this factor as follows

Da,t - (1 - 5d) Da—l,t—l
Da,t

Dafl,tfl
Da,t

Tap=(1-¢)+¢ =1-¢(1-09
as it allows for a degree of control over the influence of the endogenous housing decision
on the mortgage ratios. The object ¢ (1 — %) appears as a single constant in the model
code.

No transaction costs

Proper aggregation of non convexities at the micro level, such as fixed costs of trad-
ing houses, is necessary for an accurate description of aggregate behavior.*® Given the
constraints imposed by the GAMS software and by the size of the model, a quadratic
function is the only feasible way of modeling costs of both up and downgrading in the
budget constraint. However, such a function induces the wrong properties in the house-
hold problem. In the absence of an endogenous trade-off between renting and owning we
leave such adjustment costs out of the problem, and proxy for them through the reference
housing value inserted into the utility function.

2.18.5 Dealing with Nth 7é Sa—l,t—lNa—l,t—l

Due to migration flows, population obeys
Na,t = Sa—l,t—lNa—l,t—l + Ia,t - Ea,t

and while in the data it is clear that immigrants and emigrants are different from the
average household in most respects, the model is nevertheless bound by the necessity to
fit all agents into an average that can be replicated.*® The household model has two
dimensions of heterogeneity. One is age, and the other is the presence of HTM agents.
Any additional heterogeneity is eliminated.

The goal is then to generate average quantities of assets B, housing D, consumption C,
and employment that encompass residents and migrants in an internally consistent way.
We therefore assume that migrants carry with them the necessary assets B to appropri-
ately fit the resulting average. In the labor market chapter we detail the assumptions and
mechanics needed to generate average employment, and here we detail the aggregation of
housing.

The people who stay, s,_1:-1Ny—1,t—1 — Eq, have the usual budget constraint.

The people who leave, FE, ., do not consume and work in the country, and sell their
houses so that z,; = — (1 —6;) Dg—1,,—1 < 0 and take their income and assets abroad.
Only the housing part of their budget constraint is relevant as they sell their houses
before leaving. Because they are downsizing, their budget constraint does not have a

45Gee the entire literature on firm investment with non convexities. Specific examples are Cooper and
Adda (2000) on cars, Li, Liu, Yang, and Yao (2016) on housing, and Ampudia, Cooper, LeBlanc and Zhu
(2019) on financial portfolio adjustment.

46Non migrants are also heterogeneous and yet only their average by age is in the model.
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down payment fraction but rather keeps the entire proceeds of the sale. We can write the
relevant part of the constraint as

A+ PP (1=06))Do—r,t-1 —mae — (7" +24) PP1Do1p—1 4+ PP Doy 100"
The size of the mortgage stock obeys
/~LaP D g4 — =0= (1 + Tmort) X /‘afl,tflpt[ilDafl,tfl — Mt

where the final mortgage payment m liquidates the outstanding mortgage so that we
obtain
Ptl:ilDafl,tfl\I}a,t

PD
\Pat =

) pD (1 - 613) (1 + rmort) Ha—1,t—1 — (TtW + -'1715) + atLa”d
t—1

and this is the net cash flow obtained from selling the house and liquidating the mortgage.

The people who enter the country, I,;, have z,; = D,; > 0 and they earn their
income and consume here while they bring assets from abroad. Their housing expenditure
is

{1 - pat PtDDaﬂf
Aggregating the housing part we have

(Na—l,t—lsa—l,t—l - Ea,t) [{1 - Na}PtDDa,t - \I!a,tPtD_lDa—l,t—l]
+Ia,t {1 - Ma} PtDDa,t
~EatP21Do-1,4-1%ay

Now sum over age to get the correct aggregate next expenditure on housing:
ZNat MaP Dat ZNa 1,t—1Sa—1,t— 1\I/atPt 1Da 1,t—1

The individual problem of staying agents is unchanged, and we account for agents
leaving and entering only via the market clearing condition without any need for adjust-
ments. In fact, nothing changes as the same total amount of housing is being supplied.
After accounting for housing sales from dying agents this totals new construction plus
surviving houses (1 —8)>", Dq—1,t—1Na—1,t—1. Total surviving houses are of course not
traded every period, yet they are a part of the market as there are no transaction costs.
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2.18.6 Wealth in the Utility function

An example is useful to understand what wealth in utility brings to the household model.
Consider the representative agent problem with log utility and 100% capital depreciation,
and extend it with utility of capital:

U =log (AK}" — Ki11) + 7log (K¢)

If v = 0 this problem has the well known solution K;1; = afAK; where [ is the
discount factor. With v > 0 the solution becomes

af+78
L+98

and comparing terms there is more investment if 1 > Sa, which is always true.

So, the presence of v > 0 allows the model to generate a bigger capital stock. On the
other hand, if we want to fit the same data - and assume we keep the same value of « -
then we have a relationship between a new value of 3, the value of beta in the standard
model which we relabel §y, and the new (non zero) value of v, such that we obtain the
same investment ratio:

Kt+1 - AKta

BB _ 5
1++8 0
The new f is now a function of the “old” Sy and of =, subject to this restriction
Bocx «
)V, X)) = = <
B (Bo, 7 ) ot — Boay 6001-1-7(1—5004) Bo

The discount factor will be smaller, 8 < 5y, meaning the discount rate will be bigger.
This makes sense: if we have extra utility on capital we have extra utility on the future,
and if we want to have the same choices we must discount the future more.

This reasoning applies if we pick a constant value of v and we adjust the new § to any
values the old Symay have. On the other hand, we can pick a constant new S and adjust
~ to any values the old Sypmay have. In this case the restriction is imposed by fitting v

_a fo—p
7(60aﬁ7a) - B 1 7[_300[
subject to values § < fy. In the MAKRO life cycle we use a hybrid approach where we
minimize the age variability of the discount factor.

2.18.7 The multiplier effects of leverage.

The presence of the mortgage contract generates a leverage effect in the model. Specifi-
cally, when house prices rise, p? > pP ;, the existing debt obligation is valued at prices
pP | but now the equity on the house is valued at the house price p”. It may be profitable
to liquidate the previous mortgage, sell the house and buy a bigger house using the fact
that one only has to commit a small fraction of funds because one is allowed to borrow.
This mechanism is better understood if we look explicitly at the cost of housing object f
in budget constraint.

f(DatsDa—14-1) = (1 — pias) PP Dy y
D

P,
+ {(1 + 17 a1+ 7w — P¥D (1-67) - OétLand} PP Do 141
t—1
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We can rearrange this into

f= (1- Ha,t) PtDDa,t - (1 - 521) — Ma—1,t—1 Ptlz1Da—1,t—1

Out of pocket: new house equity

exisiting house equity ratio

mort w Land D
+{Tt Ha—1,t—1+ T4 +T¢—y }Pt_1Da71,t71

Unavoidable net carrying costs

The key feature is that an increase in house prices has a marginal effect which is not
dragged down by the previous debt p,—1¢—1. We have

of _

3;0,{3 - (]- - ,ua,t) Da,t - (1 - 6?) Da—l,t—l

effect on new house equity  effect on exisiting house equity

and since 1 — ¢ > 1 — u the cost of housing comes down when house prices increase.
Therefore it is possible to buy extra housing.

Notice that there are no transaction costs which implies taking advantage of the
leverage effect is costless. This potentially makes the leverage effect very powerful.

Now, this mechanism here is static. Rational agents are forward looking so they will
not rush to buy more houses if prices are likely to fall in the future, which will happen if
the cause of the increase in house prices is a temporary shock. As they antecipate capital
losses they will dampen their current response to the price increase. That is not the case,
however, for HI'M agents. So the leverage effect will be active mainly in these agents.

Financial accelerator

The leverage effect is not the financial accelerator effect of Kyotaki and Moore, or of
Bernanke and Gertler. In fact, the mortgage contract worsens with an increase in house
prices, Ou/dp < 0, which makes it a stabilizer rather than an accelerator. An increase
in house prices, even though it raises the value of your current house (your collateral)
does not relax any financial constraint. In fact, your financial contract gets worse. It
does, however, allow the household to exploit an available (slightly worse) contract and
buy more houses simply because the household now has more money and because there
exists an available debt contract.

Yet, MAKRO does have an accelerator in the KM and BG sense. It lies in the utility
from leaving a bequest. This object is a concave function of the sum B+p (1 — p) D. This
combined object has an admissible lower bound. If the household is near this lower bound,
an increase in house prices allows liquid wealth B to decrease, which allows households to
consume more and buy more houses. The constraint has been relaxed by the house price
increase, and here, buying extra housing relaxes the constraint next period also. This
dynamic effect has all the hallmarks of the classic financial accelerator mechanism.
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3 Firms

In addition to the public sector there are eight private sectors in the economy, indexed
by the subscript sp. These are agriculture (including fishing), construction, energy provi-
sion, extraction, housing, manufacturing (including food processing), sea transport, and
services (excluding sea transport).4”

Firms maximize the present discounted value of profits, where the discount factor
reflects a financial arbitrage condition for equity investors. Solving this problem requires
both cost minimization and optimal price setting. As explained in the pricing chapter
these two problems are separated into two sub-sectors - an intermediate sub-sector ac-
tually producing the goods and choosing inputs optimally, and another sub-sector where
retail firms buy goods from producers, set prices, and sell the same goods to the final
consumers. In the documentation (and code) the production and price setting decisions
are separated. The production problem is given in this chapter and the optimal price
setting problem is described in the pricing chapter.

All private sector production firms in the model use labor, capital, and materials as
inputs. These inputs generate output through a production function which is a CES tree
with different levels. Capital and materials can be bought from other domestic firms or
imported. Labor services are bought from supplying households. The market for material
inputs is a spot market, with a spot price, and the optimal decision is a static one. The
optimal decisions for labor and capital are dynamic and the relevant price measures are
user costs derived from intertemporal first order conditions for optimality.

The user cost of labor is derived in the labor market chapter. The user cost of capital
is derived here. Given the correct user cost measures the problem of the firm can be
solved by a sequence of cost minimization problems at every level of the CES tree. The
two bottom levels of the CES tree determine input demand for materials and investment
goods first from all producing sectors, and, at the very bottom, within each sector whether
the input is imported or produced domestically. These two lower levels are separated in
the code away from the problem of the firm and into the input-output system of market
clearing relationships, by interpreting them as zero profit intermediate transformation
sectors with constant returns to scale technologies. For that reason they are described
both here and in the input-output chapter.

Finally, at several levels of the CES tree and in different sectors we have zero elasticities
of substitution implied by the empirical work. At the end of this chapter we have an
appendix that details how the equations used to solve the CES problem also apply to the
limit case of zero elasticity.

This section delivers two of the five major demand components - namely material
inputs,Rsp¢, and investments, I; ;4 - to the Input/-Output chapter as well as labor de-
mand, L;, to the labor market chapter.

The rest of this chapter is organized as follows:

¢ Cost minimization: contains a description of the production function, the CES tree,
and the general cost minimization problem.

¢ Dynamic Optimization: contains a description of the dynamic optimization problem
and the computation of the user cost of capital.

e Appendices: contain extra derivations, the description of equations and parameters
as they are named and appear in the code, and data details as well as details on
how the different parameters in the model are obtained.. The reader familiar with
the model can go directly to this section.

47In the code the sector labels are in Danish and are ’off’ for the public sector, and then respectively,
’lan’, ’byg’, ’ene’, 'udv’, 'bol’, ’fre’, ’soe’, 'tje’.
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3.1 Cost minimization

It is useful to discuss the cost minimization problems first. These are static optimization
problems which take user costs and prices as given.

3.1.1 The production function

Gross output @ is produced with inputs of materials R, capital structures (buildings) K;p,
machinery capital goods Kj;js, and labor, L. Capital stocks are subject to a one period
time to build which implies they are fixed in the short run (current period) although they
can be used with varying intensity. We write the general production function in sector
sp at time t as

KLBR
sp,t = Q (KiM,sp,tflv Lsp,ta KiB,sp,tflv Rsp,t)

3.1.2 The CES tree
Upper level

Within the production function the different inputs come together in the following CES
nest structure:

KLBR KLB
sp,t (Q 7R)

KLB KL
Qsp,t (Q ) KZB) Rsp,t
KL
spot (Kinr, L) Kip,spt-1
Kil%,sp,tfl Lsp,t

Bottom level

For materials and for capital goods there are another two levels of this tree which we
detail in the input-output chapter. For these extra two levels, the upper level optimizes
demand across sectors, with an identical elasticity of substitution for goods of all sectors
(inputs coming from agriculture and services have the same substitutability as inputs
coming from agriculture and construction). Then, the lower level optimizes demand of
inputs from a given sector (say services) across domestic and foreign suppliers (if both
exist). Here is a truncated illustration of the materials bottom tree:

e N

man ene ser sea agr
t 0 Ry Ry R;

N

Dom,ser For,ser
R R; "

R

The bottom level of the tree is slightly different for materials than for investment
because materials are a flow, whereas capital is a stock. In the case of the two capital
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goods (buildings and machinery), these two lower levels are organized in exactly the
same way as in the case of materials, but they determine the optimal composition of the
investment flow rather than of the capital stock. The magnitude of the investment flow is
then determined from the solution of the forward looking problem which determines the
user cost and the optimal size of the stock.

Input prices

It is because of these two lower levels that the input prices that appear in the upper level
of the tree are sector specific prices indexed by the demand side. In the more general
formulation, all sectors (in the limit all firms) have their own slightly different demand
compositions and therefore their own idiosyncratic prices. There are 8 such domestic
private sector output prices and 8 foreign private sector output prices, so that input
prices can be an aggregate of 16 to 18 original output prices (if we include domestic and
foreign public goods).

This is also the reason why the input price of the investment good is called (and
indexed) an investment price, as it is a two-layered CES aggregate of the original output
prices coming out of producers in the different sectors.

The only input with a single price is labor, and yet even in this case its user cost will
generally differ across sectors.

3.1.3 CES cost minimization

The optimal demand for inputs is obtained from solving a sequence of cost minimization
problems at every level in the tree. As an example, the problem at the bottom of the
tree is to minimize total cost PEKLQXE = plI 4 p* K subject to QXF = CES (K, L). The
solution to this problem is well known and yields the following objects which translate
appropriately to all levels of the tree:

1 n=1 1 n—11]n—1
Output = QKL=Q= [(Mk)” (2FK) oy ()" (2'L) g }
1
. . 90KL ! w
Derivative = gL =2 <%%)
n
Demand/F.0.C. = AL =plQ (521)
. -
-1 -] T=n
CES Price = PEL=p = [uk (’;—i) + pt (%ﬁ) }

In these equations the parameters j7are calibrated scale parameters. The parameter 7
is the elasticity of substitution between the two inputs. The variable 27 is here a catch-all
term that includes exogenous productivity as well as endogenous factor utilization, and
in the case of labor also endogenous vacancy posting costs. The input prices p’(not the
CES prices P) are user costs except for materials where it is a CES aggregate of spot
prices.

In the exact implementation of this problem at different levels in the tree some of the
productivity terms 27 will be expanded while others will be eliminated (set to 1). The
problem and solution remain unchanged.

One detail to mention is that, although we show it explicitly here, the production
function itself is never used in the solution to the problem. Much like the utility function
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in the household problem, only its derivatives are ever needed, and they enter the problem
through the demand functions shown above. The problem is solved using only the demand
functions and the constraint in the form PQ = p'L + p*K.

Solving all the problems in the tree requires knowing the correct prices of every input.
Finding the correct input prices of capital and labor involves solving a dynamic forward
looking optimization problem.

The appendix provides details of all these equations as they look in the code.
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3.2 Dynamic optimization

The section derives the user cost of capital. All variables and parameters in the problem
generally have a sub-index (k, sp,t). In this section this index will be truncated to only ¢
unless otherwise explicitly stated. Given eight different private sectors and two types of
capital there are sixteen different versions of the variables and equations described.

3.2.1 Definitions

All capital stocks have a law of motion of the following form

Ki=(1-6)K1+1

where &; is the depreciation rate and I; is the investment flow.*®
Capital stocks are subject to Installation/Adjustment Costs given by

I L1 \?
AOtJKt_l(t 3 “)

2 K1 K,

where v and &; are parameters.

Capital stocks are fixed in the short run due to one period time to build, but they
can be used with varying intensity u;. The problem of optimal capital utilization is
examined in the appendix. Adjustment and utilization costs as well as vacancy costs
are not explicitly measured in the data, and are modeled as unobserved lost production.
These costs are subtracted from gross production, @. Gross and net output are related
by:

Y;p,t = ﬁ;%BR - Z AC;QSW
k

and we do not see the vacancy posting costs or labor utilization costs as they are modeled
directly inside gross output Q as detailed in the labor market chapter.

3.2.2 The discount factor

Holding an asset over one period yields the income generated by the asset and the capital
gain over the period. Arbitrage implies

rVi_1 = Income; + Vy — Vi1

such that income and capital gains adjust endogenously to fit this equality. In the absence
of shocks to the economy the rate of return r; is also the required rate of return which
investors demand. In the presence of shocks this arbitrage condition breaks down mo-
mentarily as the realized rate of return will differ from the required return in the moment
of impact of the shock.

This arbitrage mechanism applies to all assets, and in our case to the equity of the
firm. It is assumed that all private firms are owned by stockholders. The rate of return
required by stockholders is taken as given by the firm. It may vary across sectors if these
have different risk premia. The discount factor for the cash flows generated by the firm
is defined by this rate, 8y = 1/(1 + ;). We work through the details of the financial
side of the firm, including substantial taxation and corporate capital structure issues, in
a separate chapter.

48Inventory investment is assumed to be proportional to net output: Linot,sp,t = ,uggfitYsp,t. It does not
accumulate or contribute to production. It is just a drain on resources in order to match the model with
national accounts data, where it is small fraction of total spending (less than 0.5 percent). Inventories
are listed in the index k which identifies the three types of capital (inventories, machinery, buildings):

{k = invt,iM,iB}.
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3.2.3 The problem of the firm

The problem we look at here is identical to the actual problem being solved by the firms
in MAKRO. For exposition purposes we state the problem with a single capital stock
rather than two, and we use only the time index on all variables. As we focus only on the
optimal choice of capital we also leave out many details of the labor input. The appendix
shows in more detail the problem used in MAKRO. The operating surplus 7 in a given
period is given by

Pt}/;g - PtRRt - [1 + TtL (]. - ,LL?EMP)] U)tLt
T = (1 — Tt)
—TtKPtIKt,1 — Tt
_TtDebt (1-7) MthftPtIﬂKtﬂ
—P/ I + 0 K+ pP P PR — p 2 P Ky
+aq: (1= 6) Ky + I — Ky)

+tha:n ((1 o 6g’a1’) K;T_alx 4 PtIIt o K;Tax)

where net output Y;is given by

1 I L1\’
Y= Q4 (Uth—th,Lt) - §'YKk,t—1 (Ktl - fth_ 1)
t— t—

To locate properly these elements in the above tree, the production function @ here
corresponds to the top of the tree, KLBR, and the optimization price P is also the top
price which in the code is again indexed by KLBR.

The first block of the surplus expression in curved brackets lists elements affected
by corporate taxation 7;. It contains net output, minus expenses on materials and on
labor costs. These last ones contain an input tax adjustment for the self employed (which
we do not model separately).?” Then we have taxes on capital goods and a lump sum
production tax T.

First after these terms, and also affected by corporate taxation, are the costs of ser-
vicing corporate debt (the debt which is part of corporate capital structure and which is
assumed to be proportional to the physical capital of the firm).

Then come the nominal investment cost, the value of the tax deduction from capi-
tal depreciation, revenues (expenses) from increases (reductions) in corporate debt, and
finally the Lagrange multiplier (Tobin’s q) attached to the law of motion for capital in
real terms (the standard one), and in tax (or book) value. The tax value of capital is the
nominal object, KT,

First order conditions

The discount factor between time ¢ and time ¢+ 1 is given by .11 = ﬁ The optimal
choice of labor is dynamic and detailed in the labor market chapter. The first order
condition for capital utilization is discussed in the appendix. The first order condition

for materials, Ry, is given by P; g% = P and in fact this equation is never used as it

497K and 7L are input taxes. The labor tax falls on hired labor (i.e. excluding the self employed).
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is redundant given that it is identical to what is obtained in the CES cost minimization
problem above. The first order condition for investment, I;, which isolates Tobin’s q, is

qt = PtI (1 — thaa:) +Ft — %Fﬁkl

L+7ri
1 I
ry=°~(1- —
! t(1=m)7 <Kt1 S Kt1>

where we see that an increase in current investment raises costs today but also allows for
greater investment at a lower cost tomorrow.
The first order condition for the book/tax value of capital, K19 | is

qTaz _ Tt+151,51jgir (1 _ 631311) qTax
! A47ree1) A7)

where §79% is the tax deductible depreciation rate. The tax deduction comes only after one
period, due to the time investment takes to depreciate.’® We can see that this Lagrange
multiplier is given by a Bellman equation which computes the present discounted value
of all future tax benefit revenues.

The first order condition for capital, Ky, is

oYy

Pt+137Kt - TtIilPtIJrl =
. (L+re1) (1= 0e41) Gor — uP P! (revs — i (1= 7347%))
) ey )
and from the derivative of net output we isolate the user cost of capital
b ins _ 0Qur o, 0ACin
t+1l e = L1y W1 — L1
+ 0Kt + 0 (utHKt) + + 8Kt

K .
Pt+1.user cost of K¢

Some intuition is immediate. The corporate tax rate raises the user cost of capital by
the factor 1/(1 — 7) through Tobin’s q. Having corporate debt reduces the user cost of
capital as the cost of this debt rP¢" is lower than the cost of equity funding ;1. And
not surprisingly, taxes on capital 7% raise the user cost. The last term measures how an

increase in Ky, decided in period t, lowers installation costs in period ¢ + 1.

3.3 The firm as a financial entity

Firms do not just trade in physical capital, labor services, and intermediate inputs, in
order to produce and sell output. They also hold assets which are not directly related to
their production activity. Firms hold such assets due to the existence of financial frictions.
These frictions are currently not explicit in the model and so the presence of financial
assets in the balance sheet of the firm has to be dealt with in reduced form.

Another reason we observe assets inside firms in our model is the scope of aggregation
in the data. Aggregation is both vertical (from firms into sectors) and horizontal (which
types of firms are included within each sector). The latter bundles together production
firms with financial firms such as investment funds, and for this reason also, the production
and financial parts of our firms are separated. Nevertheless, these assets must be properly
accounted for so that we fit the national accounts data (Nationalregnskabet) on the side
of firms just as accurately as we do for households and for the government.

50This may not be fully consistent with accounting practices.
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In order to do so we need to define two main objects. One is the discount rate r;
applied to the income flow y; generated by the firm, and the other is the income variable
itself. Financial assets will then enter the income variable exogenously, and make up a
separate portion of firm value from that created by endogenous production decisions.

3.3.1 The discount rate

The discount rate is the rate required by investors in order to own equity in the firm. The
income generated by the firm is discounted by this rate. Standard arbitrage then links
the value of the firm V' and the income flow

and the expected return on equity equals a normal return on bonds plus a risk premium,
ry = Bonds Tp
t =T + "
As the firm is decomposed into independent financial and production components we
can write the above value as the sum of

Endo Endo
+ Vi
Vioy = VEro 4 yPndo — yPro | i i
]. =+ Tt
where the superscript Fxo denotes the financial part which is exogenous to the opti-
mization problem of our firms, and where the superscript Endo denotes the endogenous
operational surplus. We return to this decomposition below.

3.3.2 The income flow, financial assets, and debt

Some of the income flow comes not from production value added but from holding financial
objects which we divide broadly into debt D and financial assets A.

Since there are no financial frictions a liquid financial asset A inside the firm must
be valued at its current market price as it can be freely traded. Not only that, holding
these assets either in positive or negative positions is equivalent to issuing new shares or
buying back existing ones as the firm can borrow from and pay to shareholders without
cost. Implicitly then, all assets in A earn the required return on equity. All stocks held
by our firms satisfy this.

Our firms also hold cash and other low return instruments. For these assets, their
value outside the firm would be higher than the discounted nominal value of their returns
inside the firm. However, accounting for them this way ignores the value of their conve-
nience yield, which is the reason they are held in the first place.?® Non financial firms
hold significant amounts of cash, with Microsoft being the company with the largest cash
reserves in the world. Investment funds hold bonds and low return instruments for port-
folio risk management. Correcting for the convenience yield allows all assets inside our
firms to be valued at their current market value and decoupled from the firm’s operational
side.

We model debt issued by the firm differently from a negative asset. One significant
component of firm debt is mortgage debt, and this is closely related to (collateralized by)
the capital stock of the firm. Corporate debt is also issued with a variety of covenants
(such as not allowing sales of installed capital) which serve as an indirect claim on the
firm’s buildings and machinery. For these reasons we model debt as proportional to the
capital stock of the firm:

51The convenience yield is the exact difference between the nominal yield the asset generates and the
required rate on equity. Keynes used the idea of convenience yield in his money demand function. Also
Del Negro et al. (2017), Safety, Liquidity, and the Natural rate of Interest, Brookings Papers, Spring
2017.
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Dy = pupi K,

where pP is a debt factor which is exogenous to the firm. This way of modeling firm debt
mirrors the way mortgage debt is modeled on our household side of the model.

The value of pPis the expression of the modified Modigliani-Miller theorem. There
is an implicit trade-off between bankruptcy risk and associated costs on one hand, and
the gain from financing the firm at a lower rate on the other. Currently all firms in the
model have the same constant debt factor uP = 0.4.

3.3.3 The income flow: revenues and expenses

We start by listing the revenues earned and costs incurred by firms. Selling (net) output,
holding financial assets, and borrowing from outside the firm, all increase the amount
of cash inside the firm. We divide assets into two types, A = A% + AP in order to
discriminate their nominal returns and tax treatment. Income generated by these sources
is given by:

PtYth + ’I"fAfﬁl =+ TtBA571 + At,1 — At —+ Dt — (1 + ’I"tD) Dt,1

One last source of income is the capital depreciation exemption from corporate taxation,
where capital is valued with a tax reference method. This closes the revenue side and is
given by

st KL

Now, the following objects drain resources from the firm: wage payments, investment
costs, intermediate input costs, and input specific taxes (77, 7/<) as well as other non

corporate taxes or transfers T'. Together these are

WLy + P+ PER, + 7P/ K, 1 + T,

where 0y = w; +w,tE(1—1r] etf ) includes employment taxes on hired (not self employed)

labor, where r;} °lf s the fraction of self employed. We have then a preliminary expression

for income before corporate taxation:

9t =P Y+ Dy — (1 +17) Deoy + 18] K[
HrP AT AT+ Ay — A

—iyLy — P'TI, — PRR, — 7K P/ K, 1 — T,

where assets A are exogenous to the optimization problem of the firm. The last step to
write the income which is relevant for shareholders is to define the scope of corporate
taxation 7.

3.3.4 EBITDA

In order to define the scope of corporate taxation 7; we make a detour to discuss how the
concepts of Earnings Before Interest, Tax, Depreciation and Amortization (EBITDA),
and Earnings Before Tax (EBT), translate into the income generated by our firm.52 We
start with

52These concepts are necessary because in some periods there is available data for them while some
detailed data is lacking, thus they allow for a complete description of the balance sheet of the firm. The
tax implicitly left out of EBITDA and EBT is the corporate tax.
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EBITDA; = PY'Y; —w,L; — PER, — TNT

which is production minus wages and intermediate input costs, and minus net production
taxes. Net production taxes are a collection of different objects, here land taxes, weight
taxes on vehicles, payroll taxes and others. Some of these objects, for which we have total
sums in the data, are then modeled as functions of the firm’s variables:

NP k pl k I L Sel Rest
Tt = Tb,th7th7t_l +Tm,tpm,th7t—1 +7‘t Wi (1 — T f) Lt +Tt es

TLand Tthzght TtpayTOH
where land taxes are written in terms of the buildings stock of the firm, the vehicle weight
tax is written as a function of the stock of machinery, and the payroll tax is written as a
function of employment.

We have been writing the problem with a single capital stock, and we will continue to
do so now, and therefore the capital tax is understood to be the applicable one when we
think of capital as buildings or machinery. We now write EBITDA again:

EBITDA, = PYY; —w,L; — 2w, (1 _ Tfﬂﬁ) L, —PER, — 7Pl K, — TR

_tht

We are missing interest and depreciation in the earnings expression.

3.3.5 EBT
Adding interest and depreciation to the problem yields earnings before taxes:

EBT, = EBITDA, — 6Kl 4 +BAB | —+PD,

where only assets of type B are subject to corporate taxes on their nominal income.

3.3.6 Corporate taxes

We are at the last step now. The corporate tax term falls on EBT:
T, = r/°"P EBT,
Given EBT and EBITDA, the income flow relevant for shareholders is:
y; = EBITDA; — T°"" — P'T, + T?

+r AZ A+ rPAR A — A+ Dy — (1 + TtD) D 1
where T includes a number of transfers and other operations between firms and govern-
ment and firms and households.
3.3.7 The income flow and dynamic optimality

Inserting terms from EBITDA, EBT, and corporate taxes we obtain:

gy = (1 —7") [PYY, — iy Ly — PRy — 7 P/ Ky — T[]
A7 [P Dy + 6K —rPAP ] - P

+7’%S'A%S;1 =+ TtBAt371 + At,1 — At —+ Dt — (]. —+ TtD) thl
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+TP 4+ @ [(1— 6) Kyon + I — Ky] + ¢/ " [(1 = 6%7) Ki*% + P/ I, — K[*"]

where in the bottom row we set the exogenous lump sum transfer term apart, and add
the Lagrange multipliers on the laws of motion for capital and tax capital. Now use
the modeling assumption that debt is proportional to capital, D; = uP PIK;, and take

derivatives with the discount factor fi41 = ﬁ to obtain the optimality condition for

+r
capital:
Y11
Pl oK, TP+
(L+7es) (L~ der1) D pI (reqr — Py 1 —777))
T4 1 corpy 1 corp qt+1 — Mg L3 1 corp
(1=777) (1 =777) - 77

and the last term on the right hand side shows that the bigger the gain from debt financing,
the lower the desired marginal product of capital and the bigger the capital stock.
3.3.8 Assets and the value of the firm

When looking at data we consider broadly two types of assets, stocks A° and bonds, AZ
where stocks earn exactly the equity rate, 7% = r, and are tax free, and bonds earn a
lower rate 2 < r and are subject to taxation.’® We have then

=P AT 4 (L) AP = AT + (L) A7y — AP

AB AS
Yi Yi

Stocks A® are trivially discounted down to current face/market value. As the transver-
sality condition sets the discounted limit to zero we have

as _ ui® 1 Y s
Vil = + +..=A7
=1 1—|—7“t 1+Tt1+rt+1 =1
while bonds AP are held only if their convenience yield rY B obeys

B corp CYB __
ry (L—1""") 4y =

which must be the case in equilibrium. Correcting for this AP also discounts to its
face/market value, VAZ = AP |. Alternatively, as there are no frictions preventing trade
this is the only possible valuation for such assets. The absence of frictions also implies
that cash, gold, bank deposits, bonds and stocks held as assets, dividends, and share
issues or buybacks, are all perfect substitutes and all fall under the umbrella of A;. And
Ay just scales up the value of the firm one to one.®* We can therefore define the value
of the firm as the value of its endogenous operating surplus plus the face value of its
exogenous assets.

_ __ 1/ Ezo Endo __ S B Endo
Vier = o= ViZTP+ VET = Ay + A VD
—_———
A1

where

53Income from stocks is tax free because taxes on dividends are paid by the issuing firm.
5411 reality there are issues of control so that the equivalence is broken. In the famous leveraged buyout
of Manchester United F.C. the controlling part has less than 100% of shares.
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VEndo - y! Endo + VEndo
t—1 - 1
+ 71
and yF" is the endogenous operational surplus flow®®

yfndo =(1- wrp) [P Y — Ly — PtRRt - TtKPtIthl - TtRESt]

+Dt o (]-+7't )Dt L+ cm“p[ Dt 1 +5TazKTa:c] *PtIIt‘FTtO

55There are two lump sum tax objects in this expression. In the code we use the EBITDA object
by sector so we include T@e;t within our endogenous operational surplus, but the transfer object T0is
aggregated across all sectors and only enters expressions for aggregate surplus in the economy.
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3.4 The extraction sector

The extractions sector consists of oil and gas as well as a small amount of gravel extraction.
Output and prices from this sector are exogenous and based on forecasts from the Danish
Energy Agency (Energistyrelsen).

Everything is modeled the same way as in the other sectors apart from the existence
of an additional tax:

thorp —_ TtCOT'PEBTt —+ TtOil EBITDAt

After going through the steps above we obtain (ignoring assets A)

yl " = (1 =707 — 7Y [PYYy — by Ly — PRy — 7 P K,y — T/
—rP (1= 7") Dy
SRR R v
+Dy — Dy + TP

+q [(1—6) Ky + I — K

and the first order condition becomes

pY 0Yi41

_ K pI
T =Ty P+

(re+1 = v (1= 737"))

(1 — 'rtcfip — Tt"”)

L& (I +7ri41) — qyr (1 = 0¢41)

(1 — thiqp — Tt"“)

_MtDPtI
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3.5 The housing sector

Like the oil sector, the housing sector also requires particular treatment. In the national
accounts this sector includes both rental and privately owned housing and produces a
homogeneous good priced at the rental value of housing. A rent value of owner housing
is imputed based on rents of comparable rental housing.

In the model we have an endogenous decision by households on owned housing. How-
ever, as we do not model a rental market, we have both an exogenous consumption and
production of rental housing. The Danish rental market is highly regulated, and both
the stock of housing available for rent and the associated investment are exogenous vari-
ables assumed to depend on government supported rental building projects. Therefore,
we undo the aggregation of owned and rental housing we find in the data, so that this
sector in the model is exogenous and only contains rental housing.

In order to achieve this separation we structure production and profits differently from
the rest of the economy. Regarding production, the overwhelming input is the existing
stock of housing itself (= 75%, and there is no input of machinery capital. As this sector
is also used to account for services such has housing maintenance (= 15%, which involves
labor and intermediate inputs, and other services (=~ 10%, mainly financial services), it
is organized as a production sector within the input-output structure of the economy.

These three inputs, capital (buildings), labor, and materials, generate output through
a Leontief production function. Output, employment, and materials are then proportional
to capital. Unlike production in the other private sectors, there are no adjustment costs
to the capital stock (buildings). Therefore net and gross production are the same.

Since everything is proportional to capital, we can then separate all inputs and ex-
penses, and also output, in proportion to the fraction of buildings that are owned housing
and the fraction which are rental housing. This is equivalent to assuming separate but
identical Leontief production technologies for privately owned housing and for rental hous-
ing, so they have identical amounts of materials and labor in proportion to their building
capital stock.

Once the rental part of the data is separated in this way, we can calculate how it
behaves in existing data, and forecast its use of resources in the future, which will be
introduced exogenously in the model.

3.5.1 Formalizing the problem

Net output Y; uses buildings labor and materials and, as there are no adjustment costs
in this sector, net output equals gross output:

Y = Q¢ (Ki—1, Ry, L) = min (%Rtvmin <¢th17 ¢kLt>)
PR o)

and the Leontief function implies Q¢ = ¢ Ky_1, Ly = ¢ K1, and Ry = ¢rK¢_1. The
profit of the firm (excluding financial assets) is linear in the capital stock, quite literally
an AK model:

yg;ndo =(1- thorp) [Pty¢k - PtR¢R — Wy — TtKPtI] Ky 1 — TtRGSt + Tto

EBITDA

+ul PIKy — (L+7P (1= 7)) ui Pl Ky
SRR v
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+qi (1= 6) Ky—1 + I — Ky) + gfo® ((1 — 5;‘”) Kl + PIT, — KtT‘“")

With the discount factor between time ¢ and time ¢ 4 1 given by f;41 = ﬁ, the first

order condition for investment, I;, which isolates Tobin’s q, is q; = P} (1 —qr ‘”’). The
first order condition for the book/tax value of capital, K1 %* | is actually identical to that
in any other sector,

Tt+16,ir+alI (1 B 525?%) qTax
A +rg1)  (4rgn)

and the first order condition for capital, K, is

Tax

q; =

N 14741 1 — 0441
PtY(Z)k - PtR¢R - wt¢l - Ttlil PtI_A'_l =qt ((1 — Ti:’l”p)) - ((1 — sz;‘p)) qt+1
t+1 t+1

(rerr = (- 777))
- 777)
which has an arbitrary solution if the equality is verified. Therefore, the entire stock of

rental housing and the associated investment are exogenous. In the data years they are
an exogenous input into the model, and in the forecast they are an exogenous projection.

_M?Ptl

3.5.2 Link to the household problem

As we decouple the rental housing from the owned housing we introduce them differently in
the household problem. The rental housing coming out of this sector is added exogenously
to the budget constraint of the household while owned housing is an optimal decision.

Owned housing is bought from an intermediary that takes a flow product which we
call bricks, puts it on a plot of land and sells the final combined good (bricks and land)
to the household.

Rental housing contains no land. If we then remove the value added of land from the
house bought by households we have a stock which is equivalent to the rental housing
good modeled here, and that stock must match the data we initially decoupled from this
housing sector.

Land is introduced in MAKRO in a specific way in order to improve the modeling of
house prices and characterize the factors affecting optimal housing decisions. Our user
cost of owned housing specifically includes the effect of the price of land. Currently land
is not included in any other product or sector. Future model developments will be able
to take that in consideration.

The household is the owner of the stock of owned housing. In the housing sector the
firm is the owner of the stock of rental housing. Households will own this rental housing
stock only indirectly by way of owning shares in the firm.

In the problem of the household we can find in the budget constraint a term which
accounts for expenses with housing maintenance, xtPtIl 1Da—1,¢4-1. The factor z; in this
term is taken as given by the household and relates to the labor and materials costs
[Pthb R+ wtqbl] we have in the problem above.
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3.6 Appendices - firms

3.6.1 Cost minimization

Here we provide the details of this part of the problem as it looks in the code. Now we
can look explicitly at the demand functions in all levels of the tree.

Lower branch

At the bottom of the tree firms choose between machinery capital, Ky sp ¢, and labor,
gk, ;- In the text we use the first order condition for labor as the example so we start

with it:
P n
2L =plQ (lzl>
p

and in the code it reads

KL
PKL sp
OpslagOmk\ rProd, . LUdn L sp,t L
(1 - T ) sp,t Tsp t qsp t fsp t Nsp t Qsp t PL Zsp,t
N~~~ sp,t
L L Share
z
sp,t N—

Scale

There are a few details relative to the version used in the text. On the right hand
side the scale parameter has two components: a share parameter “fp,t and a term fg%

which adjusts the overall factor productivity in the nest. On the left hand side the term

2} contains labor augmenting productivity Sl';ffd, a labor utilization or “effort” variable
rprtd” which we discuss below, and, finally, we factor employment used in production by

the fraction of labor lost (to production) while managing the hiring process, r~?*/*99™

And of course PL sp.t 1 the user cost of labor where labor is measured per hour of eﬂi(nency
unit.
For machinery we have

KL
1 PKL Csp
K KUdn KL, K KL KUdn sp,t
f Za M ,sp,t—1 TriMy sp,t Sp,t/’L’ZM’ sp,t ¥ sp,t "iM’ , sp,t PK
—_— —— 'iM’ sp,t
z Scale
'iM/! sp,t

where P,[fM/ + is the user cost of machinery capital, r/; M‘,i + is the utilization of rate of
capital Which we discuss below, and the factor f?¢ is the growth correction factor for all
lagged quantities in the model.

The elasticity of substitution in this branch, esp , varies across sectors. Elasticity
estimates are taken from Kronborg et al. (2020) although we set a lower bound at 0.1
in MAKRO. Sectors with elasticities higher than 0.1 are manufacturing, (0.51), services,
(0.42),and extraction, (0.33).

Middle branch

One level up in the tree firms choose between buildings (structures), K;ps sp+, and the

aggregate of machinery and labor, g)ﬁ, and the demand equations in the code are:

KLB
1 PKLB \ “ep
,r,KUdn KLB KLB 7,KUUln sp,t
f q/zB’ ,sp,t—1775B’ spit — Jsp,t M/zB’ ,Sp,t X sp,t "B’ sptPK
—— _f—/ "iB’,sp,t
2 o Scale
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KLB
PKLB €sp
KL _ yKLB, KL nKLB sp,t
spt = Jspt Hspt Wspt | TpKL
N——~— sp,t
Scale

where R?B,7Sp7t is the user cost of capital for buildings and Pf;fg is the CES price index for
the labor and machinery capital object. In ADAM the elasticity of substitution between

buildings and other inputs is set to zero. Kronborg et al. (2020) also point to very low
values of this elasticity which we set to eﬁéLB = 0.1, with the salient exception of the

extraction sector where eﬁLB = 1.57.

Top branch
Here firms choose between materials, ¢ and the aggregate QELB:
,qsp,ta gereg sp,t
KLBR
KLBR)\ s
R _ ¢KLBR, R KLBR sp,t
Qsp,t = Jsp Hsp,t Wsp,t PR
——— sp,t

Scale

KLBR

KLBR sp
KLB __ fKLBR KLB nKLBR sp,t
spit = Jspt Hspt Wspit PKLB
sp,t
Scale

PslszB are the sector specific CES price indices for materials and for

the the KLB aggregate, and Pf;ﬁB E is the global optimization price. Following estimates

from Kronborg, A. (2020) the elasticity of substitution, eg,LBR, is set to 0.1 for all sectors

with the exceptions of manufacturing (0.53) and construction, (0.41).

R
where Py, and

Total cost identities

The cost minimization problems are solved using the demand functions and the respective
total cost identities:

KLANKL _ pL L K K
Psp,t sp,t T Psp,thp,t + ‘P’iM’,sp,tflq/iM’,sp,tfl

KLBHKLB _ pK K KLAHKL
Psp,t sp,it T RiB’,sp,t—lq’iB’,sp,t—l + Psp,t sp,t

KLBRNKLBR _ pR R KLBhKLB
Psp,t sp,t - Psp,tqsp,t + Psp,t sp,t

The upper price P = PSI]‘;%BR has a special interpretation: it is the marginal cost of

producing one more unit of output. The price index for materials, Pslf,’t7 is given in the
Input/Output chapter, the user cost of labor, Pst’t, is given in the labor market chapter.

3.6.2 Dynamic optimization
Adjustment /installation costs

In the text we have

2
Y I; I
1K _

5 K1 (Ktl fth1>

and in code terminology we have
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KInstOmk I KInstOmk I 1 2
Fi,sop K Gh,spt — i opd " hopiAFT g
2 qk,sp,t—l
qk,sp,t—l

In the calibration & = lf(sf;;)’ftomk = fix q,ﬁ sp t/q,{ spii—1 SO that adjustment costs are

zero in historical data, and in the projection & = 1 + g, where g; is the Harrod neutral
steady state growth rate. The adjustment cost level parameter v = ,uK}LfgStomk is not
time dependent and is estimated to match dynamic moments of investment in the data.

Net output
In the text

1 I L1 \?
t_
Y: = Q¢ (wKy—1, Ry, Ly) — §’YKk,t—1 (Ktl - ftK 1)
t— t—

and in the code
_ KLBR _ KInstOmk
qep t — qsp t @ ktot! ,8p,t

We use here the capital letter Q for output quantities and the lower case q for input
quantities to help visually, but in the code all quantities have the lower case prefix q.

F.O.C. Tax value of capital
We have in the text

Tax Tax
Taz _ Yi+1 (1 - 5t+1 ) + o104

i =
(1+reqa)
In the code
SkatAfskr 1 SkatAfskr + tselgkabTSkatAfskr
Er SkatAfskr k,sp,t+1 k,sp,t+1 k,sp,t+1
Tk ,Sp,t - 1+ TVzrszsk

F.O.C. Investment. Tobin’s q.
We have in the text

1 I
_ PI 1— Tax PY 1— t - t—1
9t ¢ ( )+ ( ) Ky gth—l

I
*&7“3&1 (1 = Tt1) Y41 <t+1 & >

1+ 74

and this equation in the code looks as follows

TobinsQ __ pl SkatAfskr
Pkspt Pk,sp,t (1_E ksp, )

I _ r£KInstOmk
KLBR Setskaby K instomk | Tespt ~ Jispi T spoi—1 fq q
Psp t (1 - tt ) k,sp X f

K
qk,sp,tfl

flf(InstOlmk

sp,t+ KLBR (1 _ ;Selskab

1 VirkDisk Lspitt1 (1 tre) x
+
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fq % qI _ KInstOmqu
« KInstOmk k,sp,t+1 k,sp,t+1 k,sp,t
Mk,sp K
Tk, sp,t

Note that Tobin’s q is a Lagrange multiplier on the real quantity K and therefore
it is a price, so that it is given the letter P in PT°¥"s@  The object gl *® is also a
Lagrange multiplier but on the nominal quantity K7%®and is therefore is not a price in

the same sense as Tobin’s q, and as such it is given the curiously different denomination
E SkatAfskr
"ksp,t

User cost of capital

The user cost of capital is given in the first order condition for capital. In the text we
have

¢ 14741 ¢ (1 —=0¢41)
t7  _  ~ Yt+177 3
(1 —7e41) 1= Teg)

Debt
Tep1 — 1 (1= Tig1) OAC 141
_ ( + )utDebtPtI _ Pt{(t,-l _ PtY

K pl
+ 1 P

(1 - Tt+1) +1 8Kt
which in the code is
. . Afskr
VirkDisk —
TobinsQ 1+ TtJru{ " o prTobinsQ (1 rk*Sp’t+1)

k,sp,t 1— tfﬁllskab k,sp,t+1 1— tfﬁllskab

TViTkDisk: _ (1 _ tSelskab) TRente
—‘rtK P] . t+1 t+1 'Obl’ t+1 LaanQKP[ _
k,sp,t+1~ k,sp,t+1 1— tSellskab T k,sp,t —
t+

KInstOmk [ faql _ fKInstOmk I 2
_ fp PK _"_prKLBR‘uk’SP qk’SP:t‘Fl k,sp,t+1 qk,sp,t
- k,sp,t+1 sp,t+1 9

———

user cost of k

K
Dk, sp,t

As we can see a number of objects are indexed (k,sp,t), but not all. One of the
parameters which is not is the corporate tax rate 7, = /%9 which is an economy-wide
object, and another is the discount rate for the firm which reflects preferences of equity
investors.

The capital structure debt parameter pP¢* = rLaan2K ig also not capital-type or

sector specific. The debt share of the firm is given by pPebt = o ort9e9es2i  \FirmDebt

where \["rmPebt is set to 0.4. More details on this in the chapter on firm finance.
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3.6.3 Factor utilization

Factor utilization is added to the model to help generate procyclical value added per
worker. In order to counter diminishing returns across all factors of production due to
capital rigidity it is necessary to compensate with a mechanism that increases total factor
productivity. The following mechanism is applied to both capital stocks and to the labor
variable (which is also a stock variable).

The firm has gross output given by a function of the type

Qr = Q (ur Xy)
and it has a generic first order condition for optimal choice of X; given by
0Q, X
1 - P =
( ) ta(utXt)ut Pt

which defines the user cost of X.
Input X utilization u is associated with an auxiliary stock variable = which obeys the
following law of motion

Ty = u Xy — 1+ My

where \; = Am]fﬁl /Bt, and where 4; is an externality term which in equilibrium equals
ut. This law of motion has a steady state solution at * = 0 and u = 1, around which
the model is calibrated. We replace the choice of u; with the choice of the stock x; and
impose the limit condition lim; .., x; = 0 along with an initial condition at the start
of (non historical) forecast time period, z;—; = 0. The resulting dynamic first order
condition is

8Qt 8 (UtXt)
3 (UtXt) 8 (l’t)

Qi1 0 (w1 Xi41)
O (w1 Xip1) O (a)

which, using the expression for the user cost of X, we can write as

(1—7) Py -0

+ Bey1 (1 — Teq1) P

Pf( 0 (ue Xy) pfil 0 (t41X141)

’Ulit 8 (.’Et) - Ut+1 8 (l't)

and after replacing terms

X

X
iz Pit1
—— = A418e41
Ut

X

_o D,
= Ng) VL
Ut41 Ut41

and since in equilibrium the externality disappears the final expression of the first order
condition (in the format used in this example) is

X 1460
pt _ )\ ut

x 0
Pit1 Ut 41

The parameter )\ controls for the long run growth rate of p* - of prices and quantities
(14 ¢)(1 4 ) - to ensure we obtain « = 1 in the long run.

3.6.4 Leontief

Here we explain here how the method used to solve an optimization problem with a CES
production function also applies to the limit case of zero elasticity. We first solve the
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general CES problem, and then transform the two-input Leontief problem into a single-
input linear technology problem to derive the same optimality conditions as we obtain
for the limit of the CES problem.

CES Problem.

Consider the CES function of two inputs with profit expression

] i=1

2 =1 2
1 E—1 i
T =Dt [ (1) ® (uie Xi) P ] —Z <7~Ui,tXi,t + 119)(1-1;0)
i=1

Q

with 6 > 0 and elasticity £ > 0. The price p of output @ is taken as given. We also have
an extra variable v which will enter an extension of the problem below.
The first order conditions for X allow us to define the user cost variables p;

0Qy ( i Qe
Dt

Dt =
0X; + U 1 X5t

B )
Uit = Pit = Wit + 7 X7,

Now multiply these conditions by X;

1

Qe \ %

Pt ( : ) Ui 1 Xt = PitXat
Ui,th',t

and sum them to obtain a “budget constraint” expression:
= L E-1
peQF ZME (wiiXie) 7 | =piQr = Zpi,th',t
i i

This last expression is fundamental. Before we get back to it, we note that when we
solve the problem we invert the first order conditions so we transform them into demand

functions 5

- Dit

u},t EXiv = 1iQy (Z)
bt
because directly as first order conditions they do not apply to the Leontief problem (as
it does not have partial derivatives), but when inverted into demand functions they yield
in the limit
w1 X p = piQy

and in this format these expressions are also part of the solution to the Leontief problem.

Leontief Problem.

We can now solve the Leontief problem directly to show we come to the same solution
as above. In the Leontief problem we impose that we are always at the kink, u1 X7 /pu; =
us Xo/p2. We then write output in terms of X; to obtain the profit expression

Ul,tXl,t il X1+0 i

_ X 146
T=D wy + X1 wo UL, X186 M2 Y2 (ul’tXLt ,u2> *
! - 2Lt 2 UrgA1t P2
t J251 )t N 1 9 1,t N [ u2,t 1 9 " u27t

Now we take the first order condition with respect to X

146
Uit Ut M2 Uyt M2 * 0
O:Ptifpufwz,tfffw — (Xl,t)
K1 B U2t K1 Uzt

and we multiply this condition by X; and manipulate to obtain

0=pQ: — D1,:X1,t — D2,e X2t
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which is exactly the “budget constraint” we obtained above in the general CES problem.
The user cost prices p;are identical and output is defined as it must whether it is a CES
or a Leontief function.

Note now that our last step in the CES problem was to show that the limit of the

CES demand function .

- Pit

w7 P Xy = 1iQy (1>
bt
yields the Leontief expression
wi 1 Xip = i@t

and these two expressions (for ¢ = 1,2) are the ones used above to formulate the Leontief
problem as a linear problem at the kink.

So, having defined the p;, having rewritten the first order conditions as demand func-
tions, and imposing the “budget constraint”

0=piQr —p1,: X1, — P2, Xoy

we can solve both the general CES and the limit Leontief cases.

Factor utilization.

We have written the problem with utilization u so we can make use of it now to show
we can solve the optimal conditions for utilization also for the Leontief case. The specific
model of factor utilization used here takes help from auxiliary stock variables x; which
have the law of motion

Te = M1+ w2y — 1

and where we add a reference level variable Z, a parameter Agand define the A factor such
that

A
o =22 (We—1)™ i1 + wZy — 1

B

where u;_1 is an externality variable. We rewrite

Ty — )\txt_l +1 o

u
Z ¢
In the initial CES problem we obtain
0Q; Ougy 0Qi+1 O 41 Die Xit Dijt+1 Xit41
0 = pt =+ Br+1Pe+1 : = = = B X1
Ou;+ 0x; ¢ Ou;p1 0Tt Uit Lit Ui t+1 Zitt1

Dit Xi,t Dit+1 Xi,tJrl — \TuL
TRLZIL = L RN ()

0
Uit Lyt U 141 Li 41

which with the symmetric equilibrium on the externality results in

1

_ [ 1 pie Xip Zi,t+1u ]“”’“L

it = |+ i1
Ao Dii+1 Xitr1 Zig

Approaching this from the Leontief formulation we have a longer first order condition

1+6

P XL 1 o Xl’ 1 s QXL p 1X1,

0=t w2,t*77t Y2 | —— (X1,0u1e) t - Ber1At41 At AR
H1 21 M1 U2 L1t M1 U2t Z H1

)

21,441

1460
1 pe Xy 1 s 0 X141
FOrr1 M 1Wo p41— ——— 5= + Brp1Aep172 | — (X1 t41U141) 5
1 U2, t+1 21,41 1 U2 41 AR AN
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We can rearrange this expression by multiplying and dividing by uX as needed to get

Pe41Qiy1 — D211 X2 141
UL 14121 141

_ piQr —p2i1Xay

0
Ul,tZI,t

- Bt+1)\t+1

and now we know we can use the “budget constraint” above to obtain the first order

condition
P1,e+1X1, 041

IRVAR UL, 14121 441
just as above in the CES problem.

The first order condition applies to the general CES problem and to its limit case of
E = 0 even though the Leontief case has no partial derivatives of the production function.

The “Budget Constraint”.
In this appendix the equation

0=p:Q:r — P14 X1t — P2, Xoy

is defined taking the output price as given and therefore implicitly solves for Q). However,
the exact same problem will solve for an endogenous CES price p; (p1,,p2,1) when the
problem is embedded in a CES tree where the quantity ) is determined in the above
branches of the overall problem.
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3.6.5 Data and calibration

Materials and labor inputs as well as stocks of machinery and buildings are matched to
national accounts data from ADAM’s databank by calibrating the relevant share param-
eters in the CES structure. The share parameters of the Q%% and Q%XZ functions are
calibrated so their CES prices, PXL and PXLP  are matched to Paasche chain index
prices used in the national accounts. The correction parameters gﬁBR, etc in the QKT
QXLB and QXLBE objects are not identified and could be set to one. Instead they are
calibrated so the share parameters in each CES nest sum to 1. This is helpful if a model
user wants to change the share parameters, and otherwise innocuous.

The labor input is imputed using national accounts data from ADAM’s databank. The
nominal labor input in each sector is measured as the wage sum (total nominal wages
paid) plus the imputed total wages of the self-employed. The number of hours worked
by both employees and self employed can implicitly be found in ADAM’s databank. The
nominal labor input of the self-employed is imputed by assuming they have the same
hourly wage as employees.

Also, labor is measured in efficiency units. The quantity of efficient labor is found by
dividing the nominal input (total wages paid) by the wage index of industrial workers.
The interpretation of this way of measuring the labor input is “the amount of labor an
industrial worker would deliver for 1 DKK in the base year”.

The user cost of capital is a forward looking object, due to the forward looking nature of
Tobin’s ¢, and this implies the calibration of parameters in the production and adjustment
cost functions depends on the future path of the model. This poses a problem when we
are using existing data for calibration as observed input and output prices fluctuate
significantly in several sectors. In a perfect foresight environment such as MAKRO, the
user cost calculated with these realized values is sometimes negative, and the model cannot
solve with a negative user cost. In order to sidestep this problem, when we calibrate the
model to fit the historical period, the realized future values of investment prices and
depreciation rates are replaced with HP-filtered values.?®-57 Currently, in the historical
period installation costs are set to zero, and utilization is fixed at 1 for all periods.

In other parts of the model share parameters are statically calibrated and projected
with ARIMA processes, as a trend is sometimes present. The share parameters of the
production function are in the historical period affected by the need to fit observed data.
Currently we use the ARIMA procedure to forecast the share parameters, based on the
static user-cost measures.

56The filtered series are proxies for taking expectations, something which cannot be calculated within
the model as it is a perfect foresight model.

57We derive depreciation rates based on Statistics Denmark data. As they are calculated from nominal
investment data using chain index prices and these move over time, this variation must be controlled
for. There are also composition effects that create variation in . Some capital stocks were for example
greatly affected by the seasonal year 2000 storm.
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3.6.6 The long run impact of interest rates

One fundamental topic is the effect changes in interest rates have on the investment
decision. It is useful here to look at a “steady state” of the first order conditions.

v oy

__ corp
(1-71 ){P 9K

—TKPI] =q(r+06)—[r—r? +rPreor?] P pl

corp ST ax
q:PI(l—qT“m)EPI(l—T "o )

(7“ + 5Tax)

We put things together and reorganize to focus on the important part on the right
hand side

RHS =P (1—q"*) (r +6) — [r —rP +rPreo?] P P!
RHS
Pl

Now decompose the equity rate into the bond rate plus the risk premium, r = r” + P
and look at this again:

Q _ (1 _ qTa:c) §= (1 _ qTam _ /’['D) r+ (1 _ Tcorp) TDMD

Q=P (1 _ qTam _ ,LLD) + TD (1 _ qTaz _ Tcorp‘uD)

The corporate tax rate is around 0.25, and the debt factor uPis 0.4, which implies g7 +
7_corpMD < qTaw _|_MD < 1.

Nullifying the long run impact of changes in interest rates is done by allowing the long
run risk premium to adjust so that long term investment and capital stock in unaffected.
We have

RHS

BT = (1 _ qTaa:) 5+ P (1 _ qTaaf _ MD) + ’I“D (1 _ qTaw _ TCOTpluD)

with
Tco7'p6Taw

(T’D + 7P+ 5Tam)

Tax __
q =

We need to allow the risk premium to move to counteract any changes in the bond
rate, such that the value of this expression is constant.
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3.7 Expressions in the code

We have data that allows us to calculate capital stocks and prices at the sectoral level
as in the model. This means that almost all the data constructions necessary for the
endogenous part of our firm are done at the right level of disaggregation. Some objects,
however, need to be computed from aggregate data, while other objects such financial
assets are only relevant in the aggregate. In the expressions that follow the names of
variables are written as they are in the code and where possible the corresponding name
in the text is included.

3.7.1 Data availability

The value of the firm is matched to the equity value from ADAM’s databank. This is
the aggregate stock value of all firms in the economy. In the last calibration year this
is done by permanently altering the operating surpluses through transfers from abroad to
capture a value of the firm consistent with the given risk premium and the other projected
incomes and erpenses. In the last calibration year this yields an expected value of the
firm consistent with the perfect foresight projection of profits. In the historical periods it
does not and a adjustment term capturing expectation errors is required.

The corporate tax rate is calculated using aggregate data. The available aggregate
data on tax revenues and tax base does not yield the legal 22% corporate tax rate, and
therefore we use the resulting effective corporate tax rate and apply it to all sectors.

A variable that cannot be calibrated on the basis of the data is the debt financing share
of the firm, pPeb = rlean2K We only have the aggregate amount of real estate bonds
issued by firms and the aggregate net bond position of all firms (therefore we cannot isolate
total corporate bonds issued). The same goes for bank savings and deposits where we only
have the net amount. In DREAM the debt financing rate is set to 0,6.5® In ADAM it is
set to 0,5 according to data on consolidated lending relative to issued shares described in
the paper “Usercost med egenfinansiering” by Nina Gustafson and Dan Knudsen (2014).
With updated series this share is closer to 0,4. The document SKAT (2003) “Den danske
selskabsskat - satsreduktion og baseudvidelse” uses the value 0,35 referring to the 2002
report from the EU Commission “Company taxation in the internal market”. Finally, in
“Veaekstplan DK” from 2013 a debt financing rate of 0,4 is used. We follow this and set it
to 0,4.

3.7.2 EBITDA
We have data for EBITDA in the different sectors (indexed by sp):

EBITDA,; = Pg;’tysp’t —wl'Ly,— PR Ry, — T NetY Afg

sp,t sp,t

where R;tnp,t is the total value of production taken from national income and product

accounts (Nationalregnskabet), w} L, ; are total wage costs (including the self employed),
and Pg,,tRsp,t are expenses on material inputs, and finally net production taxes.

. NetY Afg . .
Net production taxes T}, are given by:
NetY Afg _ K I K I
Tsp,t - th7sp,tPIb,spJ,KHLSZLt—l + tlm,spﬂfPIm,sp,tKlma5P7t_1 +

NP Grund __qLand VirkVaegt __mWeight
Tt Tsp,t 7Tt Tsp,t 7Tt

L h Selvst NetY AfgRest
+ tsp,twt (1 - rsp,t ) LSP,t + Tsp,t

pNetLoenAfg_pPayroll TRest
sp,t t 3

58The reference supporting 0.6 in DREAM, “Schultz Mgller (1993)”, could not be found.
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where TC7#nd s the total nominal land tax revenue (grundskyld), TV ¥V ig the total

sp,t sp;t
nominal vehicle weight tax revenue (veegtafgift), TSIX?LOQ"A’C 9 is the payroll tax (total

nominal tax revenue on the wage sum), and T;ZitYAf gResidual 416 other net production
taxes.
The respective tax rates used in the model are implicitly calculated on the basis of

tax revenues. They are the land tax rate tﬁsp,t, the weight tax rate tfm,sp,t’ the payroll

L

tax rate ¢y, 4,

and we obtain directly from the data the share of the labor input from the
self employed in each sector, rfﬁ@“”.
In the housing sector the rental value of owned houses is subtracted, as this is included

in the national accounts determination of capital income, but does not belong to firms.

3.7.3 EBT

EBT is here calculated for the aggregate economy. We have disaggregated data for
EBITDA and can calculate the disaggregated tax-related capital K ,ff;gftfl. We assume
the same debt ratio for all sectors so that we can calculate disaggregated loans/debt as
we have data on capital stocks. The only thing we do not have disaggregated by sector
is the net interest earned on their bank deposits and bond assets.

Earnings before taxes, aggregated over all private sectors because we do not have

disaggregated information on interest paid/received, are given by:

_ Skat Skat Rentey Virk
EBTt - § EBITDASp,t - E 6k:,t § Kk,sp,tfl + rbank:,t%ank,tfl
s k S v
P P Assets, Net Deposits.

Rentey,Virk Rente Virk
+robit Voblt—1 — TRealkred,t VRealKred,t—1

and adding and subtracting the implicit corporate debt object this can be rewritten as:

EBT, =Y EBITDAg.— Y 65" > Kgtet, |
sp k sp

Rentey, Virk Rentey, Virk Rente,,OblLaan2K Y, VirkK
+ Thankt Voank t—1 + Toblt Vobl i1 + Toblt Ti—1 ViZy

Net bank deposits plus bonds as assets, r? A?fl, exogenous to optimization

Rente,,OblLaan2K Y, VirkK Rente Virk
- (robl,t T V,Zq +rRealKred,tVRealKred,t—l)

Bonds as liabilities, rfflflttfrfff"QKVt‘iika = TtD Dy 1 = TtDp,tD PtIKt,h endogenous.
since Vo‘gf’;’i 1 has been defined as a net quantity (bonds as assets minus imputed corporate
bond liabilities, the imputation is detailed below). Note that shares as assets are left out

of earnings altogether as they are not subject to taxation.

Capital stock

The value of the aggregate productive capital stock is denoted V,V"*&

VirkK __ I I Bolig
Vi - Z Z Pk,sp,th,sp,t - PIb,Bol,th
k sp

and given by

It is the sum over both machinery and building capital of all private sectors excluding
privately owned housing K/°"". This correction for housing applies only to the housing
sector. For all sectors other than housing we can write

VirkK __ E I
Vsp,t - Pk,sp,th?’SP;t
k
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where we note again that the investment price is a CES object as investments into capital
are the result of purchases across all sectors, domestic and foreign.
In the housing sector (which only has buildings and does not have machinery) we have

VirkK __ pl I Bolig
VBol,t - Pib,Bol,tKib,Bol,t - PBol7th

In the code the object K;p poi,+ is the total stock of housing, both rental and owned, and
Kip pote — K%

is the stock of rental housing, which makes KtB °li9 the stock of owned housing (which is
determined endogenously in the household problem).

Book/tax capital

Here 5,?)’;‘“ is the depreciation rate considered for tax deduction purposes, and K ,f’;gtt
is the book/tax value of capital stock of type k in sector sp. The firm benefits from a
favorable tax treatment of capital depreciation with a tax deductible depreciation rate,
(5;2’:”, which can be higher than the actual rate of depreciation. Therefore there is a
nominal aggregate which accumulates and is the source of the tax benefit. We call it the

“tax value” of capital and it is given by:

Skat __ Skat Skat I
Klm,t - (1 - 5Im,t) KIm,tfl + E PIm,sp,tIIm,SP,t
sp

Skat __ Skat Skat I I Bolig
Ky, = (1 —O7pt ) Ky Zq + E Pry spid1v,sp,t = Pri gottlror
sp

where Pk{ sp,¢t 18 the investment price on type k capital in private sector sp, and where
Im is machinery capital, Ib is building capital and Bol is the housing sector. This price
results from CES cost minimization and combines prices of imported investment goods
and of investment goods from the different domestic sectors. Investment I, ,p ¢ is the cor-
responding CES quantity aggregate. Total household housing purchases, Py, Bol,tI’JE“; ;’t“tg ,
must be subtracted from the firms tax value of (structures) building capital, as the data

bundles together residential and industrial buildings.

s s s Virk Virk Virk
Financial Ob-]eCtS’ ‘/bank:,tfp Vobl,t717 VRealKred,tfl

In our model description above we separated firm assets into two broad types, stocks A°
which do not pay taxes on their income, and bonds A® which do. Both these objects are a
stylized description of several objects inside the firm. In data and code terminology Assets
(akt) consist of bonds (obl), domestic stocks (IndlAktier), foreign stocks (UdlAktier),
bank deposits (Bank) and gold (Guld).

Domestic and foreign stocks held are left out of the EBT expression. Dividends
received are not subject to corporate tax, as the firms paying out the dividends have
already paid it. Since the firms holding the asset do not pay taxes on these returns we
can completely separate the value of stocks from the problem of the firm and therefore
these assets do not appear here. Neither does gold which is an asset that pays no dividend
and is valued at its face/market value.

Bonds held by the firm as a claim on other agents include real estate bonds issued
both by other firms and by households. Interest rates on these assets are exogenous.?’

59Dividends on foreign stocks are exogenous. Capital gains (revaluation rates) are also exogenous except
for those on domestic equity. The revaluation (Omvurdering) of bonds is set to zero in the forecast. Both
historically and in the forecast there is no revaluation of bank deposits or gold.
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Bonds issued by the firm are a liability (RealKredit for mortgage bonds, and Obligationer
for corporate debt).

The objects V})‘gﬁ’ft_p Vo‘gfft"i 1, are the face values of aggregate bank deposits and net
bond holdings - bonds held as assets minus corporate bonds issued - so that mortgages
issued by the firm are excluded. The object V¥ "k 4.t—1 18 the aggregate of the face value
of mortgages issued by firms (Realkredit). We do not have this variable disaggregated by
sectors. Mortgages of other agents held as assets are included in Vo‘gliyi 1, and make up
more than half of all bonds held by firms.%° In the model bonds held as assets are kept
constant and grow with the exogenous long run growth trend.

In the model all agents earn the same interest, dividend and revaluation rates when
holding the same assets. In the data this is not true as some bank debt is written off and
portfolio composition details vary. For example, not all bonds are identical in the data
and different agents hold them in different proportions, but this is at a disaggregation
level below that modeled.5!

EBT, model versus data

In order to match the EBT expression with the one in the model we need to understand
how corporate debt is imputed. Total debt in each sector is calculated by taking the

data on investment prices and respective capital stocks for buildings and machinery and

multiplying this value by the factor uP = rFe@"2K = (.4. For all sectors except housing

we have

_ Laan2K I I
Dgpr =1y (Pb,sp,th,sm + Pm,sp,thsnt)

while in the housing sector we have
— .Laan2K I I Bolig
DBol,t =T (Pb,Bol,th,BoLt - Pb,Bol,th )

Given aggregate data on corporate mortgages, V}‘%@Jl’?{r ed,ty WE can impute aggregate cor-
porate debt as the difference

OblLaan2Ky;VirkK __ Virk
Tt Vt - E Dsp,t - VRealKTed,t
sp

which implies

Virk _ .RealKredLaan2K y,/VirkK __ Laan2K OblLaan2K VirkK
VRealKred,t =Ty ‘/t =" - T V;f
—_———
pmortgages HtDZO-4 pcorporate

3.7.4 Corporate taxes

The aggregate of corporate tax revenue is given by the sum of regular corporate tax and
the additional tax on the extraction sector:

60Mortgage bonds are assets widely held by investment vehicles which are strongly represented in the
service sector of our model.

61The code contains adjustment terms that make total returns and net interest income match. It is an
artificial lump-sum transfer that makes bookkeeping consistent. The households, the public sector and
the foreign sector have equivalent adjustment terms and they sum to zero. In the forecast they are all
set to 0.
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Ttselsk,ab _ tforpEBTt + ttSEZSkabNOTdEBITDAudv,t

T!=0il sector

Here t{°"" is the implicit corporate tax rate, t;*'? = felskabyselskab where t7elskabis the
explicit rate. The factor f7¢/**9® is the difference between the legal value of 22 pct. and
the implicit rate calculated from tax revenue and tax base. The rate tpeisFebNord jg an
implicit tax rate on the proceeds from oil extraction in the North Sea, and EBIT DA, 4, +
is the EBITDA in the extraction (udv) sector.

We emphasize again that this expression for corporate tax revenues T; tsels’mb, denotes
the aggregate economy tax revenue. The subcomponent of the north sea oil only applies
to that sector. We use the aggregate data to obtain the effective tax rate t;”'7. At the
sectoral level (excluding the extraction sector) we have

Selskab _ ycorp
To ™ =t "EBTg4

3.7.5 DRIFT

Drift is the short denomination of the operating surplus. Here it is calculated as an
aggregate object, not disaggregated by sector.

Drift)"™* =3 " EBITDA,,, T <" — VYKl 4 TilVipk)Y '
—_— ——

PlI, TP

sp

EBITDA,

Laan2Ky,VirkK Rente\ ,.Laan2K 1y, VirkK
+7ry Vi - (14 Tobl,t R AR
Again, shares as assets in the firm are excluded. So are bonds as assets. However,
taxes on the income generated by bond holdings are implicit inside total corporate tax
revenues and we separate them below.

Net transfers

are given by:

TitVirk?? — FraVirk®'! — FraVirkPEh+

TilVirkN<'0"F =

T +JordKoeb® ! — SelvstKapInd, + IndRest)"*
The different items in this object are: capital transfers from the public sector to firms,
TilVirkJ? 1 , capital transfers from firms to the public sector, FmVirk? 1 , capital trans-
fers from firms to households FraVirkfT", public land purchases Jord K oebtof ! (govern-
ment buying land from firms), capital income transfers directly from firms to households
SelvstKapInd; (profits from individually owned firms that are deducted from the sector
aggregate), and finally net capital transfers to firms from abroad IndRest) "% .62

62Im ADAM IndRest) "% is the firm’s net lending (nettofordringserhvervelse) residual, so its contents
are not explicit.
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Investment

The value of aggregate investment expenditure is, in the data, the sum of total private
investments, V,V"*/. In order to obtain total investment expenditure by firms we must
exclude household investments as these are being accounted for as expenses in the budget
constraint of the household:

Virkl __ I I Bolig Hh
Vi = § § P sptlk,spt — (be,Bol tIro + Investz; )

where P}, Bol’tlf;’t“t is the investment in buildings by households and InvestzT" mea-

sures the aggregate value of household non-housing investments (these are mainly invest-
ments in capital, such as buying tools, by self employed workers).
Note that implicit in the investment sum

I
§ E Pk,sp,tlk73p7t
k sp

is the sectoral disaggregation of what we are removing,

I Bolig
PIb,Bol tITot ¢ T Invest:vt

In particular, the housing term pertains only to the housing sector, so that, although
we do not have a sectoral disaggregation of Investz", if we did we would write for all
sectors except housing

Virkl __ I Hh
Vit E Py spilk,spt — Investz g’y
k

while for the housing sector we would write

Virkl _ plI I Bolig Hh
VBol.tw = Piv,Bottliv,Bot,t = PrvBottlrers — Investrpgy

As it is, because Investrh is an aggregate expense incurred in the household problem,
here it is treated as an exogenous object which can be subtracted from the aggregate
budget constraint of all firms (so that we do not account for this expense twice) and
separated from the problem as we do for financial assets.

Final drift expression

Take the expression above and substitute for EBT

Drifty™ =" EBITD A, — VY™ + TitVirkN 0!
—
sp vaflt_ Tto

EBITDA,

L 2Ky VirkK Rent L 2Ky VirkK SelskabNord
+Tt aan ‘/t ir _ (1 + Tobiﬁ e) r aizn V;,llr _ tt elskabNor EBITDAudU’t

—t""" Y " EBITDAg, + {77y 605" Y T Kket, |
k

sp

t('OTp RenteVVzrk _t('m"p RenteVVzrk _t('OTP Rente OblLaan2KVVirkK
bank tVbank,t—1 t obl t obl,t—1 t obl t Tt—1 t—1

Net bank deposits plus bonds as assets, T?A?fl, exogenous to optimization
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corp (. Rente,,OblLaan2K y,VirkK Rente Virk
4 (rop e VUM e e red.t Vivealicred.t—1)

Bonds as liabilities, rﬁfl’fe Laan2Ky VirkK — .Dp, = +PuP PIK, 1, endogenous.

This rewrites as
Drift/"™ = (1—#°")  EBITDA,,; + ;" Z Z ekt ghat, | — yVirkl
sp

Laan2K~y,VirkK Rente corp Laan2K V'erK
+ry Vi *(1+7”obl,t (1-t ))rt 1 V2

+TilVirky 007 — ¢7elskabNord EBITD A gy 4

tCOTp RenteVVM"k tCOTP Rentey Virk tCOTp Rente OblLaanZKVVirkK
Tbank,t Vbank,t—1 Tobl,t  Vobl,t—1 Tobl,t Tt—1 t—1

Net bank deposits plus bonds as assets, rtBAtB_l, exogenous to optimization

Replacing V'tVirkI and V;VirkK

are also exogenous to the firm.

we can separate housing and household investments which

Drift{"™ = (1= #")Y EBITD A+t > > sph Kikel, =" " Pl i Txsp
1 k 5 k

sp

Laan2K pl Rente corp Laan2K
+ E E {Tt Pk,sp,th7SP7t - (1 + Tobl,t (1 t )) Pk ,SP,t— lKk sp,t— 1}

—tSelskabNord ERIT D A g 4

Laan2K pl Bolig Rente)\ ,.Laan2K Bolzg
- {Tt Py poi 1 K4 - (1 + Tobl t ) T PIb Bol,t—1 5K

Owner housing, exogenous to the firm

+TilVirkN O F 4 (P}b,BOHIfftlt + Investz! )

Lump sum transfers, owner housing investment, self employed investment.

COTP Rentey, Virk COTP Rente Virk OblLaan2Ky,VirkK
—t; " Tt Voaniet—1 — e Topie - (Vobtae1 + 71 VIR

Net bank deposits plus bonds as assets, rfAfﬁl, exogenous to optimization

where the first two rows contain the endogenous operational surplus over which the firm
decides and which we then separate by sector, and the bottom three rows contain exoge-
nous objects which we aggregate over all sectors and account for exogenously to the firm.
Transfers to and from businesses as well as household investments are seen as exogenous
to the firm. It is assumed that all industries except the extractive industry pay the same
implicit corporate tax rate and have the same loan share on capital. And finally, the oil
sector in row three must be treated separately.
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3.7.6 Matching the value of the firm

Until now we have detailed how we account for the endogenous and exogenous parts of
firm value. The endogenous part is built from data on input quantities and prices for
which we do not always have complete data in the historical period. However we have
face/market values for the objects in the exogenous part, as well as data for the total
value of firms which is the aggregate equity value from ADAMs databank. This allows us
to compute the endogenous component as a residual when needed in the historical period.

Going forward in time the model solves endogenously for inputs, outputs, and prices,
and the exogenous part enters as an exogenous forecast. The reason this block of assets
remains exogenous is that there is separation between the portfolio held by firms and the
portfolios held by households and pension firms, and this separation stems from the fact
that this is an open economy without financial frictions.

We could therefore ignore the exogenous block altogether, but for the fact that some
parts of it enter the government budget constraint either as tax revenues or transfers.
And tax revenues on the returns of some of these assets must then be forecast. This
implies forecasting these components of firm wealth for given tax rates and the details of
this procedure will appear here.
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3.8 Endogenous operational surplus

In the code we do not have Lagrange multipliers attached to the expressions for opera-
tional surplus. We list here what can be found and what to look for.

3.8.1 All sectors except oil and housing

For all sectors except housing and extraction these are the variable components of profits:
y "0 = (1 - 7"") [PYY, — iy Ly — PER, — 7P K,y — TS
P+ KL

— (=7 ") Dia

+Dy — Dy
and in the code this equation is:
ﬂ;ﬁg = (1 _ ftSelskabttSelskab) EBITDASPJ

I SelskabySelskab Skat 7~ Skat
- Zk Pk7sp,t‘[k75p»t + ft tt Zk 5]{:,1& Kk,s;mtfl

Rente SelskabySelskab) ,.Laan2K I
—Toblt (1 - fi ty ) 1 Dk Py opi— 1Kk spt—1
Laan2K I Laan2K I
+ (Tt >k Pisp i Bhspt — 1 Dk Pk,sp,t—lK]f7SP;t—1)

3.8.2 The oil sector

Everything is modeled the same way as in the other sectors apart from the existence of
an additional tax:

TP = rf"PEBT, + /" EBITD A,
Endogenous operational surplus:
yrmde = (1 — 777" — 70"y EBITDA,

*7"tD (]. — thm"p) Dt—l

T corp ¢Tax y-Tax
=PI+ 7,70, KLY

+Dy — Dy
In the code
ﬂgg{;‘,t — (1 _ f?’elskabtfelskab _ ttSelskabNord) EBITDAUdv,t

Rente SelskabySelskab) ,.Laan2K I
TOoblt (1 - fi ty ) i1 Dok Py vav—1Kkudvt—1
I SelskabySelskab Skat 77 Skat
- >k Pivav lkvdot + fi 1 >k O K o i1
Laan2K I Laan2K I
+ T Zk Pk,Udv,th,Udv,t — T Zk Pk,Udv,tﬂKk,Udv,tq
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3.8.3 The housing sector
Model

Operational surplus

e = (L =7"") | [PY dx — Pllor — o — i Pl] Koo — T | + 17

EBITDA
+uP P K,
— (L P (L= 7)) i Py Ko
—Pl 1, + 7o KT

Code

In the code the object Kj poi+ is the total stock of housing, both rental and owned, and
Boli
(Kb,Boz,t - K¢ Zg)

is the stock of rental housing, which makes K/°"" the stock of owned housing. Opera-
tional surplus (which only includes rental housing) is then:
Var __ (1 o ftSelskabtfelskab) EBITDABOl’t + T’ilV’iTkivetva

T Bol,t =

Laan2K pl Bolig
+7y Pb,Bol,t (KhBol,t - K )

Rente SelskabySelskab Laan2K pl Bolig
- (1 + T0bit (1 — [ ly )) Te—1 Pb,Bol,t—l (Kb,Bol,t—l - K7 )
I Bolig SelskabySelskab ¢ Skat 7-Skat
_Pb,Bol,t (Ib,Bol,t - ITot,t ) + [ ty 5b,t Kb,Bol,t—l

where investments and the capital stock are corrected for privately owned houses. Also,
the EBITDA is only for the rental part, as the rental value of owner housing is subtracted.
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4 Price setting behavior

The price of goods paid by consumers Ps; is generally not the same as the price which
results from production optimization, Pgt .3 The optimization price is a construction
through a nested sequence of CES cost minimization problems and reflects production
technology and features of input markets. Perfect competition in the market for a par-
ticular good implies the two prices are the same:

(Ps,t|a11 W T) = Pgthes = Pz',t|z'es

Production

Input Prices Optimization Price Final Price

This solution generates price dynamics that are very different from the data in that they
respond much faster to shocks and to any changes in the economy. Observed prices are
more sluggish than the ones generated by the perfect competition solution above. The
standard way to solve this problem is to add an intermediate layer of price setting behavior
between the producing firm and the consumer. This is what we do here

(Pstlan s, we,re) = Pgthes = P

1€ES

Input Prices Production Optimization Price Price Setting Final Price

so that the final price is not identical to the optimization price.

This price setting intermediate model is often modeled as a monopolistic competition
problem. We also adopt that model and apply it to all private production sectors except
housing. This yields positive markups and adjustment costs in manufacturing and ser-
vices. These sectors account for circa 73.5% of all nominal gross private production in
2017. In all other sectors we obtain either zero or negative markups in the data period
and we therefore treat these sectors as perfectly competitive from 2018 onwards. The
exception is the construction sector and we discuss it below.

In addition to monopolistic competition we have price rigidity coming from adjustment
costs of changing prices. Monopolistic competition alone does not generate price rigidity.
It merely provides a theoretical foundation for price setting behavior.

4.1 Monopolistic competition and price rigidity

Monopolistic competition is a superstructure added to the problem of the firm, where
every sector is thought of as having a continuum of firms with unit mass, each producing
an individual “variety”. Demand for all varieties is a standard CES aggregator with a
demand elasticity, and in equilibrium the price paid by the consumer, P;;, is a markup
over the marginal cost of production which reflects this elasticity. The equilibrium is
symmetric so that in the end the unit mass of firms within a sector looks like a single
representative firm.

On top of this structure we add price rigidity in the consumer price. While the
marginal cost price Pgt is flexible, the consumer price is not. Price rigidity is modeled with
a quadratic cost of price adjustment inspired by Kravik, Motzfeldt and Mimir (2019).64.

Consumer /final prices in private production sectors, Ps ¢, are determined in this sec-
tion.®5 This price Ps, is the price before product taxes (i.e. duties, VAT and customs)
are levied.

63The exact allocation of taxes induces an exact definition of the optimization price versus the con-
sumer/final price. The discussion in this chapter is general and does not require it.

64Kravik, Erling Motzfeldt og Yasin Mimir (2019). “Navigating with NEMO?”. T: p. 177.

65The price index for production in the public sector is described in the public production chapter, and
the price of housing is also excluded from this analysis.
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4.2 Monopolistic Competition Model

In what follows we disregard the sector index s as all variables carry it. Within each
sector firms are subject to monopolistic competition. In the monopolistic competition
set-up all firms within each sector face the same demand elasticity, o, and the aggregate
price over all firms in a given sector, P, is a CES price index.

Without price-adjustment costs P, would be a markup over the marginal cost of
production, P?. However, prices are sticky as we assume these firms pay a quadratic
adjustment cost to change them. The adjustment cost function follows Rotemberg (1982),
but instead of the cost being applied to changes in the price level, p;/p,—1, it is applied
to changes in inflation which allows for richer dynamics.%®

The monopolistic competition model generates the following demand aimed at the

individual firm:
5\
] p
yi = (Pi) Y

In the absence of adjustment costs firms would set their price as the following markup
over marginal costs:

1
A Pt‘):(l—&— )PE:(H&)PS

O'tfl O'tfl

In the presence of price adjustment costs the markup relationship is more general.

4.2.1 Optimization Problem
Each firm j in this sector then faces adjustment costs of changing prices given by:

2

J o
J_let/Pt—l ~1| Py

gt = j
2 pgf1/Pt72
where p{ is firm j's chosen price, P; is the aggregate price level in the sector, and Y; is

the sector’s total production.
Firm j in this sector solves the dynamic problem

i j ,0\ , j j j
V) = maz,; {(pg - pr ) vl — gl + 3t+1VtJ+1}

subject to

and to the adjustment cost function above.
The derivatives of the adjustment cost function (multiplied by the price output ratio)
are given by

plog __wi/pia | mi/ria | PY

yi 3pi pi_l/Pt_z p§_1/Pt—2 yf
p—‘z 891{+1 - 9 Pt.—lp,jp@ Pt-flpifl 1 Pt-‘rl)./t-',-l
yi O piXpi | pixp yl

66[Rotemberg, Julio (1982). “Monopolistic Price Adjustment and Aggregate Output”. I: Review of
Economic Studies 49.4, s. 517-531.]
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The first order condition is

) , ) 3yj ) ) ) yj 3gj 3gj
yi + (pi _Ptjﬁo) Pl ] (pi _Ptjyo) b= 20 By —

api A Op;
pl = ot_pio_ 1 ﬁ igg + Br+1 ngﬂ
P ety (o o
After some algebra we obtain
i_ _9t pio
pt Ot — 1 t
0 m/pi | pi/pia | BYL
or—1pl /P o |pl_1/Pi2 Yt

Y Pt—lpZH Pt—1p§+1 Pi1Yiq
to—g (B2 | 1 7
ot — by X Dt Dy X Dt Yt

and using symmetry and the unit mass assumption we obtain the final expression

P=(1+6,)P
_¢t[ Py /P,y _1} P,/P,_y
P 1/P Pi_1/P;
Yita |:Pt+1/Pt _ 1} Piy1/P,
Y, |[P/Pi1 P/P,_y

Py

+ 28441191 P

where ;41 is the discount factor and ¢y = v6;.
Note that the final markup is given by

PP, PPy
P —P=¢,P° ti—l — P,
ot oFe = e [Pt—1/Pt—2 P, 1/Pi !
K+l Pt+1/Pt Pt+1/Pt
2 — - 1| ————P,
T2y, {Pt/Ptl PP,

4.3 Performance and discussion

The price setting model is a filter which takes as an input the optimization price which
is highly volatile, and adds structure to it, generating a price object as a filtered output
and which behaves in a more sluggish way. It works as models of business cycles do, as

they take i.i.d. impulses and generate economic data with a structure.

When we take the price setting model to the data we assume independence of # and
1. We obtain a positive value of  in manufacturing (4%), services (9%), and extraction
(29%). In agriculture, energy, construction and sea transport 6 is volatile and often
negative during the data years, and negative in 2017, and is therefore set to zero going
forward. In these sectors we use the perfect competition environment where P° = P so

that both 6 and v vanish.

Two sectors require special mention. The extraction sector has a positive markup
but it is hard to think of its price as being determined anywhere else than in the world
market. Therefore, despite the large positive markups this is not a sector where the price

setting structure is likely to apply, and we exogenize its price instead.
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In the construction sector the data is volatile throughout and yields 6 < 0 in 2017.
However, due to its observed behavior in the data and to its linkages to house prices,
construction prices need an intermediate layer between the production and the final price,
and we currently use the values # = 0 and ¥ > 0 as a reduced form filter in this sector.

A general problem with taking this price setting model to the data is that the consumer
price must match data, but the optimization price (which builds on this data at the
bottom of the nest) is an internal model construction which contains assumptions about
technology and about the composition of user costs of labor and capital which, in some
sectors, result in too high optimization prices. This almost inevitably generates negative
values of . A particular problem stems from the current estimation procedure. This
takes the first order condition to the data and estimates # and ) in order to match
impulse response behavior of prices. It is an unconstrained estimator which is not required
to search in the positive domain for §. We have reason to believe that refining the
estimation process together with ongoing work on forecasting elements of user costs will
render the monopolistic competition model successful in more sectors than in services and
manufacturing. Our current use of # = 0 and ¢ > 0 in the construction sector reflects
this belief.

We are left with manufacturing and services where the price setting model performs
well. This is in fact a significant success since these are the two largest private sectors in
the economy and the non rejection of the price setting model in both implies MAKRO is
able to generate sluggish prices in both and also in the aggregate price level.
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Table 4.1: Pricing parameters, 6 and ~

Production Sectors
Man Agr Ser Ext Con Sea Ene

v>0 X X X
0>0 X X X

Table 4.2: Pricing and Markup Code Names

Pf,t = pKLBR|s,t] st = upYTraeghed|sp]
Psy = pY[sp,t] Yoi = qY[sp,t]
Us,t

0s: = srMarkup[sp,t]

100



MAKRO

5 Labor market

The model of the labor market contains heterogeneous households and firms. Households
choose the supply of hours and labor market participation. Labor demand comes from
firms posting vacancies optimally. A matching technology brings vacancies and workers
together. The model closes with bargaining between agents representing workers and
firms which sets the market wage. The goal of the model is to reproduce the level and
behavior of employment and wages.

There is a life cycle with workers of different ages on the household side, and there
is sectoral disaggregation of production on the firm side. This is a large problem and in
order to limit its size we build the model so that the household side is age specific, the
firm side is sector specific, but the two dimensions are never present simultaneously. In
addition, households have two types, the financially constrained and the unconstrained,
and we solve the model so that both types have the same labor market decisions. The
following are the key assumptions we make:

¢ Firms cannot choose who they hire. Firms and workers meet at random in the
matching process, and once the meeting takes place it is never optimal to send the
worker away, irrespective of how old the worker might be.

¢ Optimal labor market participation and hours are age specific but not sector specific.
The worker cannot choose which sector she will be employed in, and cannot quit
voluntarily a job in one sector to join a different one.

e For computational reasons we do not solve for the age distribution of workers inside
each firm, and instead impose that it is always the same for every firm. The data
shows that the average age of workers is the same across firms of different sizes, and
also for firms that are expanding or shrinking in terms of labor force size.

5.1 Households

The timing convention is that all decisions are taken and production occurs at the end
of each period. There is an exogenous number N, ; of households of age a in period
t. In this chapter we interpret each household as containing of a unit mass of identical
agents who share the risk of unemployment.®” Households aged a at time t survive into
the following age and period with probability s, ;. When a household dies its entire unit
mass of members dies with it.

At the start of each period, agents in a household of age a can be in one of two labor
market states: employed, (1 —dq—1¢-1)¢q5_1 41, 0rnot, 1—(1 —38q_1¢-1)q5_ 1,1, Where
dq,t is an exogenous age-specific job destruction rate. Given the two-state approach to
the labor market there is no explicit notion of labor force in the model. After decisions
are taken in period ¢ and the market clears, a fraction 0 < g ; < 1 of the household will
be employed in period ¢.

Total employment, n; , contains the employment of optimizing agents which are the

residents in the country, n{ = >, 45 +Na,t, plus an exogenous measure of migrant workers,

o

5.1.1 Utility function and budget constraint

Utility function The utility function from the optimal consumption decision, which is
a function of consumption and housing, is now extended to include participation/search

6"Rogerson (1988).
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S (&
da.¢ » and hours worked Ag ;.

1+,'7n 1+nh
s he
_ S e n (qa7t) H e e h ( Cb,t)
Uu,t =U (Caﬂfa Da,t) - Za,t pa,t a,t 1+nn + Za,t pa,tqa,t Aa,t 1+ h
~— n ~ —— n
Control Scaling Control Scaling _~— ...
Disutility from search Disutility from hours

The terms Z,, are utility weights taken as given by the household and used to control
for stationarity, and to eliminate the marginal utility of consumption from the first order
conditions.®® This allows us to have the same search and hours decisions for constrained
and unconstrained households, which greatly reduces model complexity.? The presence
of constrained households is aimed primarily at the marginal propensity to consume out of
an income shock, and is not thought of as having a significant impact on search decisions
in the labor market.

The object pf ; is an individual worker productivity factor. A7, and )\Z’t are disutility
parameters.

Budget constraint We can think of participation in the labor market as a commitment
to search for a job when not working, and of non-participation as the decision not to search
- and therefore of not finding a job with probability one. We consider then that all agents
in all households are in the “labor market” implying everyone searches for a job with
some intensity. The search object g; , can therefore be understood either as the number
(fraction of the unit mass in the household) of workers searching for a job, or as a combined
measure of number of agents searching times unobservable search intensity. In both cases
this measure has a lower bound at zero and an upper bound 1 — (1 — dq—1,¢-1) @5 _1,4-1-

The household takes as given the probability of getting a job, £, ;. By definition this
is also the number of jobs obtained out of total labor market participation or total search
effort. Therefore the law of motion for household employment is

QZ,t =(1—da-1,t-1) qs—l,t—l + i‘a,tqtsz,t (5.1)

Household searchers that find a job earn compensation w, ;, the same as earned by those
working who have kept their jobs from the previous period. This compensation is the
after tax wage income for total hours worked:

~ — e 1€
Wa,t = (1 - Ta,t) WtPq tha t
) ;

These are wages received by the worker. Below we define different wage objects for the
firm and for the bargaining problem.

Those searching that fail to find a job earn compensation b,: = rg,ttba,t, where
rg,t is a replacement ratio function (not just an exogenous proportion). The same
compensation is earned by those that are neither working nor looking for a job, 1 —

(1 =06a-1,t-1)q5—1,4-1 — qs4 The budget constraint is
pgca,t = jf'a,tma,tq;,t + 7Da,iﬁ (1 - (Safl,tfl) CIZ71¢71 + (1 - ja,t) ba,tqg,t

+ba,t (1 = (1 =da-1-1) qgfl,tfl - qZ,t) + g

and the term II,; summarizes all other objects. Collecting terms and using the law of
motion to eliminate g; , this expression becomes

PiCat = (Wa,t — bat) dg s + bae + ae

68Gali, Smets, and Wouters (2012).
69Preserving the wealth effect for constrained households and eliminating the labor supply from un-
constrained households would yield a model of entrepreneurs and workers as in Pedersen (2016).
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which says that every household member earns b, and working members earn an
additional wage premium over b. It is this wage premium that determines the incentive
to search for a job and participate in the labor market. The unemployment compensation
is in itself irrelevant and only matters to the extent that it changes the wage premium.
If wages responded one to one to changes in b there would be no change in the search
effort.

There is a subtle point which deserves further clarification. When deriving and sim-
plifying the budget constraint it is useful to consider the variable ¢; , as measured in
numbers of household members looking for a job. However, if understood as a total
search effort object, the variable g; ; is not measured in the same unit as ¢g , even though
it is bounded between zero and 1 — (1 —dq—1,4-1)q5_1,—1- In this case it is only the
product 24,4, ; which is measured in the same units as gg ;,, namely number of workers.
This product is still well behaved because below we model the job finding rate to lie in
the unit interval, so no boundaries are ever crossed.

We are now ready to maximize utility subject to the budget constraint and obtain the
first order conditions for participation and hours.

5.1.2 Optimal choice of hours

Hours vary by age in the data and so the disutility parameter /\th varies with age to
calibrate this pattern. The first order condition is
aUa t U

, Wt ch ywh yh n"
80,” [1 - Ta,t] ITf = Zg,tZgjt )‘a,t (th)

zH,
The term Z2} is used to control for trends in after-tax real wages, such that the first
order condition is stationary and does not drift towards a corner solution. The term Z¢"
is used to eliminate the wealth effect from this equation.”® This implies we have the
same optimality condition for financially constrained and unconstrained households. We
consider real wage short run deviations from the long run path,
Wy

C

th _ )‘ZWhZZzU—hl,t—l + (1 . )\zwh) [1 o Ta,t] ;
t

a,t

but we do not consider short term deviations in the marginal utility of consumption

U, ¢
Zch _ a,
¢ 0Cq 1

We have then

1 Wy e \7"
Ziwg []- - Ta,t] E = /\Z,t (ha,ify7

In the long run the ratio of wages to the Z term disappears from this first order
condition:

h
1= )‘Z,t (hi,t)"

where hours respond only to preferences and do so with a very low elasticity since n* =
11.7

70The standard is to assume Z‘it is a function of average marginal utility which in symmetric equilib-
rium equals the individual marginal utility. With the pooling assumptions within the unit mass of each
household, and the assumption that all households are identical the average and the marginal are always
identical but the symmetric equilibrium concept remains.

"1We do not model the long run downward trend of the workweek. ZtCh rules out the income effect
(higher consumption implying lower marginal utility) and the long run Z;"h rules out the substitution
effect of higher taxes (funding the expanding welfare state).

103



MAKRO

5.1.3 Optimal choice of search

As the job finding rate is exogenous to the household we can solve the problem by choosing
directly g5 ;. The first order condition for gg , is:

~ _ 1+n"
OUat (Wat —bat) Wart _ ,u e Al (he.)
aCa,t ma . p% a,tFa,ta,t 1 + nh

)

s s
+Z5 Lot —Bai (L= dat) SatZg 14411 at1,041

(5.2)
where

Ag,tpz,t [qg,t]n
Fa7t i’a,t

where the survival rate s, ; factors the term in ¢+ 1, and where j3, ; is the utility discount
factor. Optimality trades off current against future marginal utility. Extra engagement
in the labor market today will result in additional employment with associated payoff
w — b. There is an immediate downside from the additional disutility of hours and of
participation, but there is also a savings term from the fact that, next period, (1 — §) of
the additional employment found today will remain at work implying no disutility from
looking for a job.

5.1.4 Algebra

Define here Z[Z t = Zg1Zqi and assume the same consumption factor as in the hours
term, Z5% = Z" (the cohort average of the marginal utility of consumption). Divide
through by Z(i . and use the hours foc to get

1 1 Wy Z&gﬂ t+1
1- 7"3 - } P4 he { 1 —7ot]l —| =Lat—Bai (1 —dat) Sat—ma——Lat1,041
{ L qh | Fetiat | Zws PE Z3,

The short run wage factor in this equation is not necessarily identical to the wage
factor in the hours equation:

ws zws r7wh zZws wy

Za,t =A Zafl.,tfl + (1 - A ) [1 - Ta,t] —c

Pf

although in the long run they are identical.

5.1.5 Implementation

The definition of the Zg*% terms is now important. We eliminate the marginal utility of
consumption from the hours decison because it is a static decision, but here it resurfaces
on the right hand side through

Zes OUa 41,641

at+1,t+1  0Cat1,6+1
Zcs AU, ¢
a,t 60‘”

This not only brings back the wealth effect that we are eliminating, it also implies HTM
and forward looking households have different search decisions, which is an additional
heterogeneity we do not want to include in the model. We therefore approximate the
factor Zg% 1 ,11/25% with the average of this quantity for forward looking agents in the
calibration years. And assume that marginal utility of consumption behaves identically
for HTM and forward looking agents.”

72We model HTM households in reduced form so that we do not explicitly specifiy their utility.
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5.1.6 Labor supply elasticities

Given our assumptions we obtain a static (short term) elasticity of hours with respect to
wages, —- . This is, however, not the elasticity of total labor supply. Define n{ = gfN;.

The object of interest is
dlog (nghg)  dlog (nf) N 1

- h
w Wy n
dlog (pgt) dlog (p,?t)
Employment is an indirect consequence of participation. Also, the job finding rate changes
in equilibrium following an exogenous shock. As discussed in Attanasio et al. (2018) it
is only possible to map structural parameters to labor supply responses to shocks by
running the entire model.

5.1.7 Aggregation

Population flows obey
Na,t = Nafl,tflsafl,tfl + Ia,t - Ea,t

where I, ; are immigrants and F, ; are emigrants. Households making the choice described
above are those surviving from the previous period. Not just that, they are the ones
surviving which stay in the country, No—1 1—15q¢—1,:—1 — Eq,+. Emigrants F, ; are just like
residents, except they leave. With this in mind we have for these remaining agents

qZ,t =(1- 5a71,t71) qgfl,tfl + i"a,tqi,t

Immigrants I, ; come into the country and we assume they obtain the same employment
g5+ as residents. However, they do not have an employment history in the country.
Furthermore we assume some immigrants come already with a job so they do not have
to search. This accounts for the employment quantity qé}tla,t. We have then

qz,t = i”a,tqg,t + qé,t
This sums to
B
Natqos = (1 —da—1,6-1) (Sa—l,t—1 - Na) Qa—14-1Na-1,t-1

N—— a—1,t—1

e
na,t

+Zat Qo (Sa—14-1Na—14-1 — Eat + La ) +Q£,tfa,t

FE— s
na,t—N“etqa,t

Now assume that

qu,t =(1—ba-1,t-1) Qa—1,t-1

so that

E 1
e _ a,t a,t e - s
o = (1= 0a—14-1) | Sa-10-1— % +5 Ng_14-1+ TaiNg,
a—1,t—1 a—1,t—1
Na,t
Ng—1,t—1
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which allows us to define the cohort aggregate destruction rate as 3(17,5 such that

N, A

e a,t e IS s e IS s

Nat = (1 - 511—1715—1) N Ng—1,t—1 + LatNg = (1 - 511,15) Ng—1,t—1 + La,tTq t
a—1,t—1

1—bq,¢

With this construction we do not have to know the number of immigrants and emigrants.
All we need to know is total population. We have then two objects: total search effort
Mgt = Naitqs, and the redefined population job destruction rate Sa,t- Note that this
is different from the job destruction rate that matters for the individual optimization
problem, &g +.

This construction links with the destruction rate which is relevant for the firm. With
the additional assumptions we make in the problem of the firm, the only job destruction
rate that matters is the one aggregated over the age distribution, §;*, and which is identical
for all firms:

" Za (1 - 5a,t> ”2—1,75—1 Za (1 - 5a,t> ”2—1,:&—1
(1 - 615 ) = Z ne = ne
aa—1,t—1 t—1

so that
ng = (1 67y, + g

It is useful at this point to collect some of the large number of objects in the model
and describe them as they are present in the code. This is contained in Table 1.
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Table 5.1: Labor market code names: Households

eDeltag
eh
rSeparation|a,t]
rSeparationf[aTot,t]
rJobFinding][t]
nLHhJa,t]

fZh]a,t]
uDeltag[a,t]

uh[a,t]
fProdHha,t]
mtInd([a,t]
hLHh[a,t]
mrKompla,t]
nSoegHhla,t]

)
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5.1.8 Migrant workers

Total employment includes both employed who are residents in Denmark, and migrant
workers who are not. The households whose decisions we have detailed are resident house-
holds. However, firms in the model do not distinguish between residents and migrants
when they hire. Migrant workers are cross border agents that work in Denmark, but
live abroad most or all of the year. These migrant workers are not the immigrants I, ;
described above as those are part of the resident population IV, ; and also consume and
save. Migrant workers provide search input nzt into the matching function and generate

employment ng’t. They face the same job destruction rates and die and migrate at the
same rate as the locals and they stay in their jobs when these are not destroyed, but do
not demand local consumption or housing. However, they may have different productivity
and work different hours from the locals.

Migrant workers have the same probability of finding a job as local job searchers, &y,
and the number of employed migrant workers obeys the law of motion

ntf = (1 — St) n{_l + :%tnf’f

The total number of cross border persons who are either employed or searching for a
job in Denmark can be written as

N = (1 - St) nf;l +nif

We assume that this total is exogenous. The number of migrant workers searching for
a job is then endogenous and given by

nif = N — (1 - &) 717{71

E.g. when the job finding rate is higher, more of the potential migrant workers find
employment, reducing the search input of migrant workers in the following period.

Since migrant workers only enter the model through the firm and the matching func-
tion, their age decomposition is irrelevant and only their aggregate contribution matters,
but accounting for the age variation makes the algebra below more transparent. We
assume then that their age distribution is identical to that of residents.

Table 5.2: Labor market code names: Migrant workers

n/  nLUAI[t]
ni*’ nSoegUd]t]
N/ nSoegBaseUdI[t]
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5.2 Firms

What follows applies to all private sectors in the model. The public sector is treated
differently. There is a unit mass of identical firms in each (private) sector j. Sectors are
indexed by the letter s in the code, but as we use s here to denote search, we keep with
the general index letters ¢ and j throughout. Employment in the firm is given by the
measure n; which sums residents and migrant workers.

Total workers in sector j, n;;, contribute with a total amount of productive hours
given by ﬁtﬁtnj,t, where p is the productivity factor and A is the hours factor in the firm.
The bar in p and h distinguishes the object inside the firm from the one obtained in the
household optimization above.

Firms post vacancies and the economy wide matching function m; dictates their suc-
cess in filling them. This process occurs in period t, and, after it is completed, employment
for the current period is determined and production occurs at the end of the period. The
firm cannot affect the hours worked by its employees and takes them as given. An ef-
fort /utilization choice by the firm is added to the model to help generate procyclical value
added per worker but that choice is detailed in the chapter on firms.

5.2.1 Objects

Wages paid by firms % contain payroll taxes which are adjusted for the fraction of self
employed TtL(l — r;ilf ) , the actual wage paid w;, the sectoral relative wage factor Pits

as well as the average productivity and hours aggregates py, hy.
uij)t = ﬂ]t (1 + TtL (1 — ’I";ilf)) p;‘ljt/jtﬁt

Another useful object is the total amount of productive labor input into production, L.
This is the object inside the production function. It contains an exogenous labor aug-
menting productivity factor z;, the endogenous utilization factor u., the sectoral relative
wage factor p};, the individual productivity and individual hours aggregates pihy, and
finally contains the endogenous correction for the fraction of employment used in the
hiring process which we denote by x:

e . . wo = 7 J— . .
Ljt = zjwjepsepehe (1= Xj.6) iy

The cost of hiring is defined in terms of units of labor lost to production so that the
total number of heads actually producing output is given by (1 — x)n. For the algebra
below we collect several terms in one auxiliary object &:

& = zjauj P pehe
Finally, the choice variable for the firm is the number of workers, so that the relevant
derivatives are
OLjr _ e, (1- 9 (Xj,tnt)
ong Oy
OLj 111
on]

and we now discuss in more detail the object .

= —&jt+1
J 6nj,t
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5.2.2 Vacancy posting costs
A unit mass of firms in sector j posts vacancies v and the law of motion for employment
n is™
nje = (1=0¢) nji—1 4+ mevjq
The cost of posting vacancies is incurred in units of employment. We define an auxiliary

endogenous variable x such that x;:n;; equals total vacancy posting costs, which contain
a linear and a quadratic component:

= ks 4 L, | Yt
Xj,tTjt RtUj ¢ §mtv]7t ]
Njt—1
7,
The derivatives of xn are:

W:'ﬂﬂ[%_(l_a@}
nj ¢ my Njt—1

W:_(l—am{’“ﬂ[w—(1-6?)}}—;[7”"5—(1—6?) 2

a”j,t—l my Njt—1 Njt—1

5.2.3 Choosing employment

When firms post vacancies they hire workers. Although workers are “attached” to hours
and productivity, the choice variable for the firm is n as the firm takes m as given. Current
profits (as relevant for the optimal employment decision) are

Wg = (1 - ch,t) {p(;,tQj (LN) - Tf)j,tnj,t}

where corporate taxes are explicit but other, possibly sector specific, taxes and subsidies
are implicit in wages paid, and in prices pJ.
The first order condition for employment is

OLj 141
It

OL; .
(1= 754) Pj 8an + (1= 75011) Brabfien — (1= i =0 (5.3)
s

where by definition the user cost variable is the value of the marginal physical product,

evaluated at the optimization price p°:7*

L _,0 A~
P = pj,tQLt

As our model of posting vacancies accounts for these costs inside the production function,
the intuition behind the user cost of labor becomes less transparent. Nevertheless the user
cost is the wage plus a positive term which reflects the costs of hiring and is approximately
given by (1 + x)w. Finally, the average value of x is linked to the value of the bargaining
power parameter in the wage setting part of the model.

5.2.4 Algebra

It is useful to make some of these terms explicit as it will make the first order condition
resemble the code. Detailing the L derivatives and dividing by £ we obtain

A (X 11 N (v )
pL (1_ (X;,t%,t)) _ %_FDTL p][':t+1( (Xj,t+1nj,t+1)>

j,t j,t+1
’ ot &)t » ot

73Given an identical age distribution inside all firms, the objects (6",5, i_z) are not sector specific.
Nominal wages w and the matching rate m are also aggregate objects.
74This optimization price is derived in the production chapter.
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where D7, is a discount factor

(1 - ch,t+1) & tr1 (1 - ch,t+1) Zj,t+1uj,t+1pguft+1ﬁt+1ht+l

Diyi1 = Bena = Bein 1fr
Js (1 — ch,t) it (1 — ch,t) Zj7tuj7tpj“.jtptht
with
W, (1+7’tL (1 —’I";ilf)) p;-"tﬁtl_lt (1+TtL (1 _T;ilf))
gt _ , ; ) ’ o
- = Wt =7 = Wy _ wtl_‘j’t
€t Zj 4Py el E

The object 0;,:/§;+ has the same growth properties as the left hand side object pﬁt.
The user cost object pﬁt is a price and grows at the rate m which we use to correct price
growth in the entire model. The variable z; ; contained inside &;; grows at the real rate g.
This implies the wage w; is not just a price but rather a “value” object which must grow at
the rate (1 + ¢) (1 + ). This also explains why in the code this wage w; is denominated
“pw” rather than just "w?”.”

5.2.5 The user cost of labor”®

The dynamic first order condition provides the input to the CES minimization problem
used in solving the overall problem of the firm. The CES function is

E
B-1 | E-1

(Lje) &

=

, » 1 51
pe QY =i | (1) T (5 KGe) T+ ()

On the budget side of the CES problem we have the total cost associated with all the
labor actually used, I:
Kl Akl — L K
P51y = Pyl + P KK

where the object pﬁt is the user cost of labor. In the CES optimization problem we take
a derivative with respect to L;; and this yields

I\ -F
_ 1 Akl [ Pt
Lji = p5.4Qj4 (pkl )

Jst

The last identity ensures the CES problem is consistent with the optimization problem
and shows the relationship between the user cost of labor and the optimal choice of
vacancies.

75In order to correct for growth in the code, on the right hand side of the first order condition the
future user cost is defined exactly as here and mutiplied by a factor 1 + 7 as in the following example:
pE=wi+B(1+m)pfy .

76This subsection provides the link to the documentation of the problem of the firm.
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Table 5.3: Labor market code names: Firms

Tt nL[s,t]

Kt uOpslagOmk|t]

g uOpslagOmkSqr
my rMatchl[t]

Xs,t rOpslagOmk][s, t]
a(’gnit”j) dOpslagOmk2dnL[s,t]
Ly qLt]

et dqLLead2dnL]s.t
Pl pL[s,t]

t5 tSelskab]t]

L -1 rVirkDisklt]

Us,t rLUdn[s,t)

N eLUdn

As we did in the household part, we now collect some of the objects from this section
and equate them to their descriptions in the code. This is contained in Table 4.
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Table 5.4: Labor market code names: Firms

Tt nL[s,t]

Kt uOpslagOmk|t]

g uOpslagOmkSqr
my rMatchl[t]

Xs,t rOpslagOmk][s, t]
a(’gnit”j) dOpslagOmk2dnL[s,t]
Ly qLt]

et dqLLead2dnL]s.t
Pl pL[s,t]

t5 tSelskab]t]

L -1 rVirkDisklt]

Us,t rLUdn[s,t)

N eLUdn
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5.3 The matching friction

Rather than modelling the rate of filling a vacancy with a worker of a given age, 1M, ¢, we
model instead the probability of finding a job, £, as

(o)
Fay = fa | ——"~a (5.4)
14+ (svicfgg)

Ty

Inside this function the total search effort of all workers looking for a job, ny“ is

matched against total vacancies created across all firms in the economy vy = > Vit The
ratio variable is the aggregate market tightness variable often labelled 6.

We set 1 > 11, > 0 so the job finding probability is bounded between 0 and 1.77 It is
then impossible to find a job for all available workers, since a job finding rate of 1 only
obtains if the ratio # is infinite. We consider 1 > « > 0. Setting o < 1 dampens the
response of employment to shocks.

We now make the simplifying assumption that the job finding rate is identical for all
ages.” We set the parameter y, = p = 1 and therefore £, = #;. The object 7, can
now be defined through the identity

$,a99 s __ A
Nt &t = Mg 10 (5.5)

and aggregating over ages >, n,$?Y =ny*%, so that
A s,agg __ A _
TNy = MgtV = MVt
a

Given total vacancies we can invert this relationship and write the aggregate rate of filling
a vacancy my. Unlike the job finding rate, this quantity m; is not bounded above by 1
and therefore cannot be called a probability. However, the model is calibrated such that
it is less than 1.

5.4 Aggregation algebra
5.4.1 Quantities

For a given firm, employment of workers aged a is the sum of resident and migrant workers
Nat = Mgy + Mg, Where ng , = qg ;Not. Migrant workers are allocated proportionately
across sectors so that the following equations apply to all sectors.”™

ne=ng+nf =Y ng +nl = g5 Nag+nf
a a

and total search effort is

s,ag99 __ s,a99 __ s, f s _ s, f s
ng ot = E NGy = nt + E Qo ilNat = ng7 + E Nt
a a a

Migrants N —r Migrants ——

Residents nj Residents

7TPetrongolo and Pissarides (2001) provide a survey of the matching function.

78This is possible because the search effort variable is not strictly a measure of the number of workers
looking for a job.

79 Total employment varies by sector, but we force age distributions within firms to be the same for all
firms in all sectors.
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5.4.2 Averages

Hours, productivity, tax rates We make additional proportionality assumptions.
Hours of migrant workers are uniformly different by the factor p;, and productivity is
uniformly different by the factor ;1,. We can compute average hours in the firm from the

identity hyny =3, (hgvtn;t + hitnz,t) as

Za (hi,mi,t)

hg =
t ng
_ e .
By = | Dt a ] hg
N

The average value of the product ph for residents is given by

e e e e e e
76];/6 _ Za ha,tpa,tna,t _ Za ha,tpa,tna,t
Pty = Z e - e
aMa,t nyg

Foreign workers have a different average value of this object

_f7 > bnhg thpPg tnf.t T
P = SO = i h
Za na,t

where the identity depends on the assumption of identical age distributions for residents
and foreigners. The overall average factor for the firm depends on the weight of the
different populations:

o ngpehg +n{ pfhi 0+ popnn] s
peive ne +nl n Pely
t t
The average income tax can be defined through
= da Ta,tPatPa e, + >a Ta,tpg,th«];,t”é,t
= S
peheng

5.4.3 Law of motion
The firm has employment n; and has a job destruction rate given by
ny = (1 — (;?) Ng—1 + MUy

and since we make the necessary assumption to ensure migrants have the same law of
motion as residents we can write

Nt e 8 e
1_ 4" Za (1 - 5a—1,t—1) No_1.0-1 ta—1,t-1 Za (1 5a,t) Ng—1,t-1
— 0 = e = e
> Ng—1,t—1 Ne_1

where the aggregate destruction rate ¢} is now endogenous (although exogenous to the
firm). Because the firm cannot choose who it hires, it effectively always hires the average
job searcher. Then, as we impose the same age distribution inside every firm irrespective
of sector, all firms are the same in this respect and they all face the same job destruction
rate. Now, since they do not control who they hire, they do not control the job destruction
rate either.

115



MAKRO

5.5 Wage determination

We need one last object to close the model. We have derived the equations determining
optimal search/participation (the “size of the market”) and optimal vacancy posting
(labor demand).®9 The current macroeconomics benchmark is to close the model with
search and bargaining. We use the Nash bargaining model.

We assume a unique bargaining agent on either side of the market which aggregates,
on one side, preferences of all firms from all sectors, and, on the other, preferences of
all workers of all ages. We assume also that these agents, which we can call unions, are
“distant” from their individual firm and worker constituents so that they can solve a
simplified problem on their behalf. These assumptions allow for a degree of freedom in
setting up the surpluses that enter the bargaining problem.

5.5.1 Wage rigidity

The Nash solution yields proportionality between wages and productivity. A static ex-
ample illustrates this point. Consider the firm surplus to be J = y — w, and the worker
surplus W =w —b=w (1 — rb) where the unemployment benefit is proportional to the
wage. The Nash solution then yields a constant ratio % There is no wage rigidity w.r.t.
changes in y.

Short run nominal wage rigidity is then added via a mechanism from Gali and Gertler
(1999), where a fraction (1 — v)0™ of contracts is renegotiated via bargaining with asso-
ciated wage w, and a second fraction of contracts (1 —+)(1 — ") adjusts in a mechanical
way.8! The relevant wage for firms and households is now an average wage, w; which
follows

wy = ywi—1 + (1 — ) wi
W= 0% + (1 — 0%)w_, =L
Wi—2
Contracted wages affect matches being created in the current period as well as previous
matches of jobs that have survived from the previous period.??

These features complicate the problem, and to keep it tractable we assume contracts
are allocated to workers and firms randomly every period. Random allocation of contracts
ensures the firm not only hires the average worker looking for a job, it also hires and
employs the “average contract”. Nominal rigidity only affects the decisions of the firm via
the average wage which is taken as given. Since the firm hires the average job searcher
and pays the average contract, wage payments by the firm contain the average wage w;.
Current profits are written in the same way as before and we get the first order condition
for employment. As for the worker, the participation decision is also a function of the
average contract on offer in the labor market, as we assume the worker cannot choose
ex-ante any features of the employment she might get. We assume also that hours are a
function of the average wage.

5.5.2 Bargaining®

The contract is the wage w which appears here without a time subscript to help exposition.
The surplus entering the bargaining equation is given by the value of agreement minus

80 Adding an exogenous forward looking Phillips curve generates most of the properties of wages and
employment we are interested in. However, it does not survive the Lucas critique. Christiano, L.,
Eichenbaum, M., and Trabant, M., (2016) make this point.

81The fraction of contracts (1 —)(1 — 6%) adjusts by setting the wage equal to the average of the
contracts updated last period adjusted for lagged wage inflation.

82Without rigidity @w; = w. This is also a feature of the long run or of the structural model.

83Peter Bache designed the bargaining problem.
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the value of disagreement in the bargaining game. Disagreement is an out of equilibrium
event and is never observed. In the case of the union representing workers this surplus
S; (w) is measured over all contracts being negociated n;pihy (1 —7) %, and obeys®*

Si (w) = (1 — 7) wneprhy (1 — ) 0¥ + Bry17Se41 (W)

where 73 is the weighted average of the personal income tax rate. This equation is propor-
tional to the wage being bargained over so that it can be written S (w) = w (1 — ) #* x S;"
with ~ }
St = (1—7)mpihs + 5752;1

The derivative of the worker-side value with respect to w is then given by 95; (w) /0w =
(1—~)6v S’:r , which will prove useful below. This derivative disregards the contribution
of w to average hours and employment. Large monopoly unions could be assumed to
internalize these effects. This myopia assumption is further discussed in the appendix on
the bargaining problem.3?

On the firm side the surplus aggregates all sectors j, and obeys the Bellman equation

Je (W) = (L=7) (L=7)0“pehe [J)T = wI)7] 4 Brsry s ()

JT = Z Pftzj’tp;fftnj,t, J = Z Py Nt (1 + 7k (1 + rjilf>)
J J

and here we isolate the negative part of this equation,

jt_ ={1-17) pihi [Jto_] + Bt-s—l’yjt_ﬂ
such that
0J; (w)
ow

The positive part of the surplus does contain w implicitly through the marginal product
in the firm’s first order condition, but this effect is again ignored.

=—(1-9)0"J

jt+ =(1- th) ﬁt}_lt [']t()+] + Bt+1’7']~;§-1
The Nash optimality condition is then

(1 - ¢Barg) 5 o ¢Barg

1— ¢Barg % N ¢Barg % B

i,
S ow Ji Ow

J;r —wjt_ -
which simplifies to
2

t

w = (1—¢P*9) (5.6)
Note that we have assumed that migrant workers are represented on both sides of the
bargaining table.

Finally, we collect some of the objects from this section and equate them to their
descriptions in the code. This is contained in Table 5.

84Gee the appendix for the derivation of this equation. One notable feature is the absence of the
unemployment benefit, which is a consequence of the specific way the outside option is defined in the
bargaining game. Ljungqvist and Sargent, (2017) discuss more standard formulations of the bargaining
problem.

85This also implies the Bellman equation is not actually linear in w. We assume the agents solving the
problem act as if that was the case.
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Table 5.5: Labor market code names: Matching and Wage Bargaining

« eMatching

Wy vhW]t)

ol rLoenTraeghed

ov 1-rLoenIndeksering

—%  rOpslag2soeg|t)
wy vhWNy/[t]

w vhWForhandlet][t]
#B2¢  rLoenNashlt]

Jt vVirkLoenPos
JOT vVirkLoenPos0
jt_ vVirkLoenNeg

Jp o vVirkLoenNeg0

5.6 Summary

The labor market solves with six key equations, and these six are highlighted by being
numbered in the text. The first order condition for search and the law of motion for
household employment, the first order condition for vacancies, the definition of the job
finding rate, the equilibrium condition that matched vacancies equal jobs found, and the
Nash bargaining solution. All other objects - such as the hours decision, the equations
for wage rigidity and the aggregation equations - are auxiliary objects. The appendices
that follow discuss model details.
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5.7 Appendix 1

Here we use a simplified proxy of the model to illustrate how the model solves and
calibrates. One important object in the labor market is the marginal product of labor. In
the model this marginal product is obtained as part of the overall input choice in a CES
tree structure. In the example we use here we abstract from other inputs and assume
for simplicity a production function F'(n) = An® and a static model with 100 % job
destruction every period. The firm posts vacancies and profits are 71 = F — wn — k X v.
We also assume a simplified household choice where utility is given by U = (w—b)n—g(n).

5.7.1 How the model solves

There are six key equations in the model. The first order condition for search and the law
of motion for household employment, the first order condition for vacancies, the definition
of the job finding rate, the equilibrium condition that matched vacancies equal jobs found,
and the Nash bargaining solution.

wy — b= As}/ Household f.o.c.
Ty = Xt St Law of motion
%ﬂt’f) = w; + mit Firm f.o.c.

wy = f(ve/st)

TSt = My

wy = (1 - ¢) )

Matching function/jf rate
equilibrium

FEEELY

Nash bargaining

Given parameters, this system solves for (wy, 8¢, ¢, 21, v, m¢). The household f.o.c. “de-
termines” search s, the law of motion links search with employment n, the firm f.o.c.
“determines” vacancies, the job finding rate “determines” itself, the equilibrium condi-
tion “determines” m, and the Nash condition “determines” the wage.

5.7.2 How the model calibrates

We first need to use the available data to find values for our parameters. The six equations
above have six variables (wy, ¢, nt, T4, v, m¢). We have data on wages and employment.
We also make use of a labor force variable in the data to obtain a measure of s through the
relationship LF = (1 — §) n + s. This leaves three variables (xy, vy, m;) to be calibrated
by three parameters.

We can describe how the system solves as follows. Given data on (w,b,n,s) the first
two equations (household f.o.c. and law of motion) solve for (A, ). We are left with four
equations which we use to find variables (v;, m;) and parameters (¢, k). The matching
function then solves for v and after that the equilibrium condition solves for m. We are
left with two equations

QAnd ™t = w, + o = Firm f.o.c.
w; = (1 — ¢) aAnd™? = Nash bargaining

which solve for (¢, k).

Note that this solution leaves the parameter A inside the production function free. So,
we have six equations and, given data on (n, s, w,b), we calibrate this model by solving
the six equations for (X, ¢,v, m,x) and then we have a choice of using one of (A, k) as
endogenous in the calibration process.

This degree of freedom arises because the equation determining the y function

XN = Kv = x function.
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is unconstrained and determines x endogenously. However, if we set a calibration value
for the level of x the system is exactly identified and also pins down the value of the
technology parameter A. In the main model this parameter A is a level parameter inside
the CES structure.

5.8 Appendix 2
5.8.1 Imposing the same age distribution on every firm

The result of the household’s first order condition for participation/search is that em-
ployment will vary by age. However, we do not want to add the sectoral dimension to the
disaggregated employment variable. In order to do this, when we solve the problem of the
firm we do not solve endogenously for the age distribution of workers inside the different
firms/sectors indexed by j. 86 Instead we impose exogenously that this distribution is the
same across all firms in the economy. Preliminary evidence from register data on wage
earners indicates that the average age of the labor force is independent of firm size and
also uncorrelated with whether firms are reducing or expanding their employment.
We force the same distribution using the relationship
Na,t,j = Mna,t
nt

Given our assumptions, we never have to use the bigger object n,; ;, since on the produc-
tion side the age distribution does not matter and so we only care about total employment
inside the firm.

5.8.2 Different average wages across sectors

Although in our model both labor supply and demand are anonymous, resulting in all
firms hiring the same average worker looking for a job, and employing the same average
employed worker in the economy, we observe in the data that average wages differ across
sectors. It is possible that this reflects the heterogeneity of workers employed in different
sectors, a feature which is ruled out in our model. In order to match the data on both
employment and average wage acoss sectors we need a reduced form mechanism that will
allow us to do so without breaking the two sided anonymity of the labor market.

The mechanism described here attaches different productivities to workers working
in different sectors, while the workers themselves are identical wherever they happen to
work. A three sector example helps illustrate it. We first impose the identifying constraint
which attaches a relative sectoral productivity factor pi to sectoral employment, while
keeping the total constant:

w 1 w 2 w 3 T
P1,eMy T P2y + P31y = § ny =My

K2

Given this constraint, calculate the average wage per sector in the data and compute the
ratios:

86Different sectors will move differently over the cycle. And age specific population does not move
evenly over time which implies neither will the labor force. All firms from all sectors hire the “average
job searcher” from the currently available pool in the macroeconomy. As firms from different sectors hire
different amounts over time the age composition of labor inside firms across sectors will differ, while it is
the same in all firms within a sector. Since keeping track of the age distribution within each firm/sector
greatly increases the dimensionality of the model we impose that all firms in the economy have the same
age distribution of their workforce. We also choose not to allow for differences in the job destruction rate
across sectors arising from other factors.
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w _q w _9
PLe _ wy 13 P2 wy o3
Tw T =3 T Wi, T T o3 T Wy
P3¢ Wi P3t Wi

Note: the objects u_)ij are data for the period where data exists, and are forecasts for
the subsequent periods. They are an exogenous input into the model. This allows for the
endogenous calculation of pg’,:

w o Tt
P3¢ = oBn! + wPn2 + nd
and of course of the other two as well. During data years we use observed average wages
and employment, and in the forecasting years we use a forecast of relative average wages
to calculate the p¥’;. This mechanism preserves the search model. It is consistent with the
randomness of matchlng Which means the household problem is unaffected because of
the initial identifying constraint. And it can be interpreted as a proxy for heterogeneity.

5.8.3 Stock-flow matching

Stock-flow matching adds memory to the model. This additional memory helps the model
generate a hump-shaped response of employment to shocks, as without it the main effect
is inevitably in the impact period of the shock. In a companion document we detail the
steps based on the stock-flow matching idea which lead to extending the job finding rate

as follows
1

1+ (Ht)a + Y (Ht_l)a

where 6 is the tightness (vacancies to search) ratio.

Ty =1-—

5.8.4 Bargaining agreement versus disagreement

Wages faced by firms and workers move in the spirit of Gali and Gertler (1999). The
fraction of contracts on the bargaining table is (1—+)0% while another fraction of contracts
(1—7)(1—6%) adjusts in a mechanical way setting the wage equal to the contracts updated
last period adjusted for lagged wage growth. We have

W = (1= 7) wi + W1

wy = 0%w+ (1 —6Y)wy_ 1%% !
We—2
We need to consider the value generated when there is agreement in the Bargaining
problem, V', as well as that when there is no agreement, W. It is of course the case that
there is never disagreement in equilibrium.
In case of agreement, on the worker side the total gain of employment over unemploy-
ment generated by this contract obeys the following Bellman equation:®”

Vi (w) = (1 = 1) wpthe — be) g (1 — ) 0%

+B87Vir1 (w) + B (1 =) Miy1 (weg1)

where the continuation value of this gain contains the value of the next reincarnation of
this entire problem if the contract is destroyed, M. The bargaining agents are rational

87 Although the bargaining problem used in the model does not include it explicitly, in the data the
unemployment benefit is indexed by a factor of circa 0.8 to an average of a reference wage from periods
t-2 and t-3, and total unemployment income received has a ceiling which affects around two thirds of all
wage earners.
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and understand that the wage being agreed upon today will have an effect on all future
alternatives. However, this continuation value will cancel out of the problem, which
saves us from having to specify these alternative paths. We also make specific myopia
assumptions to further simplify the problem. An additional simplification is the absence
of the utility function from this surplus. The monopoly union cares only about wages,
not about utility.

In case of disagreement the current gain is zero for the workers affected, and in the
continuation value if this contract is not destroyed, the gain remains zero. If the contract
is destroyed next period, which happens with probability (1 — ), the problem resumes
its normal course and so

Wi = ByWiy1 + B (1 =) Miyy (wig1)

Now, the surplus actually entering the bargaining equation is given by the value of agree-
ment minus the value of disagreement:

Sp(w) =V (w) = We = (1 = 7) wprhe — be) nu (1 =) 0% + BySe41 (w)

so that the continuation value cancels out of the problem.

We now assume the solution to this Bellman equation is proportional to w. One
way to rationalize this is that this is how the negotiating union sees the surplus. The
unions sitting at the bargaining table are the ones doing this algebra. First decompose
the surplus into its positive and negative components S; = S;' (w) — S, where

S (w) = wx + B’yS;Zrl (w)

Sy =bng (1 —7)0" + BvS; 1,

and x; = (1 —7¢) prhyny (1 — ) 0. The negative part of the surplus does not depend on
w. We can write the positive Bellman equation as S;7 (w) = w x S;" where

5~’t+ =x;+ ﬂvS';fH
The derivative of the worker-side value with respect to w is given by the infinite sequence

0S¢ (w)

Nt + Bywi41 + BYBYTt2.. = S

This is where our assumptions become active. We have large unions aggregating pref-
erences of all agents on their side of the market, and yet we work through the problem
without internalizing the fact that hours, employment, and average wages w will respond
to the wage currently being bargained.

On the firm side the same applies, yielding the following Bellman equation

Ji (w) = (1 =75) [pe Fr& — w] hepene (1 =) 0% 4 By Jeq1 (w)
and we can separate the two terms in this equation and extract w to obtain
it =1 —77) [peFr&] hepene (1 — ) 0 + ByJ,t
Jy =y + 57jt7+1

with y; = (1 — 7¢) hepeng (1 — ) so that J; (w) = J;7 — wJ; , and the derivative on the
firm side is given by

0J; (w -
B é;( ):yt+5’ﬂ/t+1+-~-: t
(09

122



MAKRO

The general Nash optimality condition is

0PI 0s, 1= 9P 0s,
Jt ow St Ow n

and replacing the objects above we obtain

J; S,
Barg t = (1= Barg _ t
¢ J—wl; (1-¢ ) wS; —S;
or — 4B 7— + g+ B
Y St ¢ aTth +~Jt~5t (]. — ¢ ar'q) _ (me"g"?it_ + (1 _ ¢Ba7"g) £
Jr 8¢ S I

This expression is our “supply curve” and closes the model, which solves for the wage per
hour per unit of productivity, and for employment, unemployment and hours.®®

5.8.5 Worker surplus used in MAKRO

We define the outcome from not agreement as implying the worker is not entitled to the
unemployment benefit. We obtain

Wi = —bing (1 —7) 0" + ByWipr + B(1 =) My (wig1)

in which case
St (w) = (1 = 1) wptheng (1 — ) 0% + BySey1 (w)

so that here

and therefore

88There is a significant degree of arbitrariness in the determination of the bargaining wage as any wage
interior to the admissible equilibrium range is a solution, and not much is known regarding what affects
the wage as it moves within this range. See Blanchard and Gali (2008).
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6 Exports

Most exported goods are produced at home. A small fraction of exported goods consists
of imported goods which are immediately exported back. These are goods in transit and
are treated separately. Any valued added generated by the transit process is of course
a part of exports but this is separated from the valuation of the goods imported and
exported back.

In MAKRO we organize the data into five export “items” or “components”: energy,
goods, sea transport, services and tourism.®? Table 1 shows the evolution of total exports
of domestically produced goods as well as of the individual items over time. The Danish
economy is significantly more open today than it was a few decades ago. In 2017 the bulk
(54%) of exports consists of goods while tourism and energy make up around 8% of the
total.

Exports from domestic production rise from 30% of GDP in 1980 to 46% of GDP in
2017 while exports from imports shown in Table 2 rise from 2.2% of GDP in 1980 to 8.6%
of GDP in 2017. This observed trend in the available data implies we need to forecast its
evolution into the future. We do this by forecasting elements of the model governing the
demand for exports.

6.1 Exports of Domestically produced goods.
6.1.1 Demand for the five export components”’

The demand for each of the five (subscript «) export components which is directly sourced
from domestic production (superscript y), X ;’7“ is given by an Armington type equation.
There are five of these equations:

pPXy

pXF\ "=
Xttt (%) ()
x,t
where 0 < A* < 1.0 The variable QX is the size of the export market which is taken
from ADAM.

The object uff is a parameter which accounts for the long run possibility that exports
of a given type grow or decline even when the size of the export market or relative prices
do not change. In equilibrium this parameter ufi’ measures the average trend of a ratio
such as, for example, the amount of oil Denmark exports, X, where the subscript x
would be oil, relative to the entire world oil production thM . This parameter ,ufty is
measured on available data and forecast.

The scale variable qfﬁale measures the growth of domestic GDP allocated proportion-
ately to each export good. It adds to the demand for exports an element of “supply
generating its own demand”. We provide details of this variable at the end.

The relative price ratio consists of the sector’s export price, Pf J, relative to its export
competing price, Pz{(tF . This foreign price Pr)ftF is the “world price” in the respective
export market and is taken from ADAM.%? It is exogenous to the model.

89These are indexed in the code with z = {xEne, Var, zSoe, xTje, xTur} where the prefix x stands
for export.

90Tn the code exports directly sourced from domestic production are indexed with a superscript y,
while the superscript m marks goods imported to be exported immediately. As this algebra enters the
input-output (market clearing) aggregation algebra where objects are assigned a new superscript 1O, the
overall superscript will be IOy or I0m.

911n the code AX is called 'rXTraeghed’ which stands for ’rate of export rigidity’. Currently it has the
value 0.8 in all sectors.

928isay, D. (2013) and Mortensen, Sisay, and Kristensen (2014).
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The domestic export price Pg . reflects the way the export good X is sourced from
the nine domestic production sectors, and that composition is summarized by the fac-

10 .
tors/parameters wu, .%. We write

Xy 2 : IOy 10y
t uz,s,tpx,s,t

Py,
s€y(z)

where the set y(x) = dllroy(ac7 s,t) denotes the subset of the nine production sectors in-
volved in the making of the particular export good x. This equation is further conditioned
by the set di(y(x7 t) which defines the subset of export goods x the equation describes (in
this case the full set, all five export goods). We describe the parameters uiosyt below.

Level parameters

The parameters ,ufi’ in the export demand equations are shown in Table 3. These pa-
rameters are obtained in a two step procedure together with the autoregressive parameter
AX. In the data years a first series for ,ufty is obtained from taking the export demand
equation given the value of AX = 0.5.

Yy X vvy
Xm,t —A Xm,t—l Xy

QXM Scale (1 _ )\X) (Pi(tF)
x,t qx,t pXv

nx — e

Since we have the elasticity n estimated elsewhere and all other objects are data, we
obtain the time series of ufi’ for the data years. With this time series we then run an
ARIMA forecast to generate the future values of this variable. We also have forecasts
for both foreign variables, in\/f and PaftF . Given this first step we run the model and
recover a new value of AX from matching impulse responses to a variety of shocks. Given
this new value of A (currently 0.8) we fit the export equation once more to extract the

,uff and run its ARIMA forecast one final time.

Export Elasticity

The export elasticity, 7%, is currently set to 5 for all sectors as in DREAM. This export
elasticity is a key parameter in MAKRO as it is the source of overall aggregate diminishing
returns which allows the model to have a solution. Recent empirical estimates generate a
value remarkably close to 5 so that we have, for the moment, kept this value in the model
until a final empirical outcome is available.

6.1.2 Composition

Here we look at the composition of the quantity objects X ;{t and the price objects Pf Jin
terms of the production sectors s they are sourced from. Exports are organized and clas-
sified differently from both consumption and production. The five exports differ from the
five goods consumed by domestic households in that they are sourced differently from the
nine domestic production sectors. The export groups are formed on the basis of the Stan-
dard International Trade Classification (SITC) of foreign trade, the consumption groups
are formed on the basis of the consumption groups defined in the National Accounts (NR,
National Regnskab), and the production groups are formed from the industry classifica-
tion in NR. The Input-Output system keeps track of all flows from industries to export
and consumption groups. An example of the difference in classification is the mapping
from the production of sea transport services into consumption and into export items.
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Sea transport is now its own separate export item whereas in the domestic five-good con-
sumption classification it is included in all services consumed by the household. Table 4
shows the mapping between domestic production and quantities exported in 2017.

The elements in Table 4 are factors fY (z, s,t) which allocate nominal output. They
are actually nominal shares of the total and by design sum to 1. Real quantities are then
induced from the nominal allocation. Consider an example with 2 production sectors
generating one arbitrary export good z, X, ;. Given parameters u, s; and production
prices p, s, we construct an export good price linearly

Pat = Uz 1,tPx,1,t T Uz 2,tPx,2,t

and then define the quantity sourced for this export good x from, for example, production
sector one, gy 1.+, from the relationship
Ug,1,tPx,1,t
DPz,1,tqx,1,t = fw,l,tpz,tXLt = upw,tXx,t

x,t

The sum of factors f; 1+ + fz,2,+ yields ezactly 1. Individual quantity levels ¢, 5 ; are
induced by the aggregate quantity X, ; which is determined elsewhere. The parameters
(ug,1,6,Uz2.¢) , however, do not necessarily sum to 1. They nevertheless do so approxi-
mately.”® One important detail to note here is that the production sector prices have an
export good index x attached, p, .. The reason is the presence of export duties which
are allocated at this level in the model. The firm producing the goods that go into the
making of an export good does not receive these taxes, but they are paid by the - in this
case foreign - consumer.

In the terminology of the code the f factors shown in Table 3 are:

pIOy
_ IO )85t
1Y (z,8,t) = umy;ft szy

x,t

so that
y Xy — pry Xy Xy _ IOy IOy Xy
vm,s,t = f (.I, S, t) vfc,t = f (1” S, t) pr,t qz,t = um,s,tpz,s,tqr,t
——

Xy
value vt

IO X X
Z Um,s?t = vm,g Z fy ((E, S,t) = vm,g
s

s€y(z)

and

1

We can then read Table 4. For example, we can see that 65% of domestically produced
energy exports are sourced from the domestic energy sector itself while around 35% are
sourced from the domestic extraction sector.

The tourism row of Table 4 is empty. The reason is that Tourism is modeled differently.

6.1.3 Tourism

One of the export components is the spending of foreign tourists in Denmark. Table 1
shows this item to be relatively small and without trend at around 2% of GDP. Unlike the
other four export items, in the case of tourism the mapping from the demand equation to
the nine sector production organization is an indirect one, and occurs via the decompo-
sition used for household consumption. Tourists consume (a subset of) the same objects

93This is ensured by means of a continuous balancing mechanism for the parameters u;,¢ which we
discuss in the appendix.
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as domestic households do, and therefore their demand then branches down to the nine
sector domestic production in that same way.

In order to achieve this we need an allocation from total tourist demand X’ z7q. ¢ to
a consumption classification c¢. This occurs through the following equation:

PCT pC Tourist __ , CTourist pX
fc P t—1 Cc,t *p’c,t RmTur/,t—lX’rTur’,t

CTourist
Pc‘t—l

The tourist consumption division into consumption groups is not available from na-
tional accounts data. It is instead imputed using ADAM’s equation for the price index of
tourism exports.?* This equation has lagged prices because the data is constructed using
a chain index approach for the quantity X7y, +. 95

The result of this construction is that we always have

Z PCC:'tTouristOC’I:furist _ P/);Tur/7tX’acTu7"’,t
(&

Finally, the term fF¢7T captures the fact that consumption of tourists has a differ-
ent deflator than consumption of locals, otherwise the price Pgﬂ’f‘”“ would equal the
domestic consumption price. This correction is small, fF¢T = 1.022021. The distribu-
tion of tourist consumption into goods, energy and services used is the one from ADAM.
This distribution does not yield exactly the correct aggregate price index for tourist con-
sumption in Denmark. One reason may be that tourists have a different composition of
consumption of goods, energy and services than the resident population. There is there-
fore a need to correct the deflator - this is done with a uniform factor on all items which
remains constant into the future.

6.2 Imports for Export

Regarding quantities that are imported and exported back, we can see their relative
weight in GDP in Table 2. These amount to 8.7% of GDP in 2017, which contrasts with
the 46% of GDP commanded by exports from domestic production.

Table 6 shows where these are sourced from. For 2017 data there are three instances
where imported goods are then immediately exported. Goods purchased from foreign
manufacturing, energy purchased from foreign energy producers, and sea transport pur-
chased from foreign service sector providers. Table 6 shows the value ratio of these pur-

I0m 10y IOm
x,s,t / vz,s,t + Uw,s,t .

Note that, although many elements are empty and columns are therefore not reported,
Table 6 maps 9 production sectors into 5 export groups, just as Table 4 does. In 2017,
18.4% of the total value of energy exports sourced from the energy production sector,
arise from imported energy which is exported back immediately. This means 18.4% of
65.1% (from Table 4) of total energy exports come from imported energy. This quantity
is modeled similarly to the main equation above but it is static:

chases compared to the same ones sourced from domestic production v

X
m XmAHXM Xm,Rel (&
X;E,t = /’(‘w,t (P )

x,t x,t

94We have an estimate for ugtT‘””'”t based on ADAM’s weights for calculating PX_. . This
price is called “pet” in ADAM. 7

95To capture the national accounting method, X/ zTur ¢+ must be a chain index of Cgf“’"”t in data.
?77? Typically, however, we write them (them??) as a CES index with a correction factor - where the
correction factor captures the difference between CES and chain index. We could write X 7,/ , as a

CES index over CT9urist Then this would replace the equation above. (?7?)
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XM

and note that it has the same elasticity 7\ and the same export market variable P

as above.
The relative price reflects taxation of these goods in transit and is given by

I0Om, M
Xm,Rel um,s,tps,t
pXmit =% e B LR
z, pXm
sediOm(z,s,t) z,t
—1
_ § I0m, M E IOm, I0Om
- ux,s,tps,t X ua:,s,tpx,s,t
SEAIO™ (z,5,t) s€EAIO™ (z,s,t)
p;{;yt
—1
_ E IOm, M § IOm IOm\ , M
- u;c,s,tps,t X ux,s,t (1 + Tx,s,t )ps,t
—_—————
SEAIO™ (z,s,t) s€diom (z,s,t) Tom
pm,s,t

and this equation exists only in the conditioning set dy™(x,t).

While at first glance the numerator and denominator seem very similar, the tax factor
Tgf?’tn can be significant for some (x, s) pairs, and also, for some of these pairs it does vary
over time.

6.2.1 The level parameter.

The value of ,uf,;”is again calculated from the data. In this case the algebra is easier.
Given the construction of the relative price we only have to invert the rlationship to
obtain

m
X‘”I/”t _ Xm
UX - :u‘z,t
XM PXm,Rel x
x,t x,t

and then forecast the time series in the usual way. Obtaining the relative price requires

having values for the lower level parameters uios'? and we discuss this below.
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6.3 Appendices - Foreign Sector
6.3.1 Armington and MAKRO.

Here we look for a motivation of the Armington-type specification.”® We solve the algebra
for a two period consumption model of a foreign country (Italy and Greece are used as an
example), where each period’s consumption good is a CES aggregate of domestic goods
and one imported good from Denmark. The consumer lives 2 periods. In the first period
she has constraint y = pQ + S, and in the second period RS = pQ. She chooses savings
in the first period to maximize

1-n Qi;{] [yt;St} 1=n [R;jft } 1=n
t - t t
1—n+61—n_ T —n + 1)

with f.o.c. B -
[yt - St:| K 1_ ﬁRt+1 [Rt—HSt] K
Y43 Dt Pt+1 Pt+1

and therefore

Pt
_ RtJrl Pt+1
peQt = Yt T
Pt pe |7
Ripig s+ [BRt+1 P~ }

Now given total consumption the household solves a CES optimization problem, pQ =
p®x + p*z and utility

-

E—1 1 E—1:|ﬁ

Q=1Qu™T = [(1)* (@) F + () ()7

<Qum)’é "
x p

Aggregate demand for exports

With this in hand we can aggregate all Greek and Italian households importing good x
produced in Denmark (with iceberg trade costs). Define the price paid in Italy for good
x to be p¥* = pfr¥" and similarly for Greece, p;? = p?7%9. Aggregate nominal demand
for Danish good =z is:

i i E'-1 E9-1
o NZ,[LZ yz pz N!]‘ug yg pg
p;Xt1+p?Xt£I — tHMaxdt — ( t 4 t Pxdt t
} n

1 pET 1 o 150 \pETYY
1+ @7 [Rtﬂ ' 1+ 87 [ngit} t

Pita

p;
j

This expression highlights some of the assumptions implicit when running a reduced
form regression looking for an elasticity of the demand for Danish exports. More are
required as Greek and Italian firms may also demand good z and the shape of their
demand may differ from that of the demand from households, but we leave that aside. If
the empirical specification is

96The presence of a price exponentiated with an elasticity is a common feature of modern trade models
as they use the love of variety framework. It can be found in Krugman’s seminal contributions, as well
as in the more recent contribution by Melitz (2003) and subsequent work.
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PXF

N
x,t
Xot = /\XXz,t—l + (1 — )\X) ,Uit .f\c/,[tF ( PXt )

a short list of assumptions is as follows:

e The CES elasticity between good = and pasta in Italy is the same as the elasticity
between good x and feta cheese in Greece, n, = E9 = E".

e The internal CES prices in both countries are “similar” enough to be considered as
the same (meaning, other goods enter the consumption tree with similar weights
and prices), P ~ p] ~ p}.

¢ The intertemporal elasticity of substitution 7 , the discount factor 3, consumer price
Py

o7 and real interest rates R; are the same in both countries.
t+1

inflation rates

Consumption habits and export demand dynamics

Here we show that the presence of habit in consumption gives rise to lagged exports in
the export demand equation. If we define this problem as

1-n
_ _ Ye—St
[Qt_Qtfl]l K +BQ%+177 _ [ e _Qt—l} LB

1-mn 1-mn 1-n 1-mn

17
Riy1S: n
Pt+1

with f.o.c.

Yt — St 1 Ren |:Rt+1St:| -
[ Dt Qtl} Y4 6Pt+1 Dt+1

and therefore

S, = Yt — prQi—1
- 1
= [peRes1 =2
[6] ! [ Pt+1 + 1
17 ]
o - P41 PtQi—1
PiQe =y — St = Y - T + L -1
B[R] 1] (g [2Een] T 4
t4+1 t+1
The CES part of the problem yields the same outcome
1-E
p.’E
PtQt s <t> =p; Xy
Pt
so that
1 1-1
1—E - pth+1 n
Ty PE EE [ Pt+1 } PeQi—1
Py Xt = iy E U — - T + - - -
_= n - n
B[R] T [g)7 [l ] T 4

Clearly, the resulting expression differs from the empirical specification, but the qual-
itative insight is obtained: habit in consumption in the foreign economies will lead to
dynamics in export demand.
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Summary

MF
x,t

total income spent N/ ulyi+ N7 udy?. However, the strong aggregation assumptions listed
above, the reduced form way in which lagged exports are included, and of course the fact
that the household and firm optimization problems are far more complex than the ones
used in this example, suggest the empirical specification is mainly inspired by the textbok
Armington model, rather than an exact representation of such a model. Its key features
are, however, supported by the theory.

The market share variable ui{t used in the empirical specification captures well the
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6.3.2 The scale variable

The scale variable qS cale allocates domestic gross value added (Bruttoveerditilveekst, BVT)
proportionately to each export good. The presence of this variable on the right hand side
of the export demand function is inspired by the solution of the gravity model proposed
by Anderson and van Wincoop (2003). As the gravity approach changes the form of
the empirical specification of the demand function, our export demand function includes
the scale variable only to help fit the data and provide better forecasting ability. The
matching of our empirical specification with available theory is currently work in progress.
The construction of this variable uses the following equations

=
where A3¢@¢ = 0.9. A parameter of 0.9 is an attempt to minimize the short term effect,
and preserve the long term one as the model gradually converges.

Then, for all export goods except tourism

_ )\Scale) qS’cale +)\Scaleqf%al§

10y
pScale qScale __ Yz,5,t BVT BVT
Sx,t—l Sa:,t - Xy ps7t—1qs,t
sEdX (z,t) z,8,t
I0y
pScale gScale __ Y256 BVT BVT
Sr,t Sr,t - X pst qst
Yy
sed¥ (z,t) z,8,t

which combine into

IO
Z Yz,s,t wBVT BVT
sed¥ (z,t) Xy pst 195 ¢

I0y
Vo si—1, BVT BVT
Zséd (act)( pst lqst

~t7

qScale __ _gScale
x,t - Sgc,t—l

The sums are conditioned by the set dy (z,¢) which is a binary allocation with value
“yes” if the sector s contributes to the export good x and “no” if it does not.
For the tourism export good we have a scale variable built on consumption

10y
pScale _qScale __ Uesit BVT BVT
Swtur,t—lsztur,t - U ps t— lqs t

(c,s)€di (ztur,t) t

10y
pScale qScale _ Ue,s,t BVT BVT
Sxtur,t Sxtur,t - C p qs t
) v

(c,s)€di (ztur,t t

Lower level parameters

I0m

The parameters u, "} and u t play a key role in all the equations above. We have

-1

wst lst x,s,t

IOm _qum IOmg % 2 u[Omo 1_1_7_5221)])%*
—_—
IOm

Py 1x

and this equation exists only in the conditioning set d{°™(x, s,t). Similarly
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-1
10y _ puXy, I10yo I0yo 10y
z,s,t = Jax,t x,s,t X x,s,t Vs, t*
S
and this equation exists only in the conditioning set d{oy(z, s,t). The time subscript t*
restricts time in these variables to a base year.

The additional parameters ulOmo and 9%

o5t z.s.t are restricted by

— 10yo
1= x,s,t

s
. Iomo
1= E um,s,t
s

and these equations are valid respectively in the sets d; Y (z,t) and d¥™ (z,t).
The objects (ulomo u10y0>7 and ( uXm qu) are calibrated.

x,s,t » Yx,s,t x,t rJz,t

6.3.3 Anderson and Van Wincoop (2003)

This paper provides the rationality for using the income of the exporting country in the
reduced form export equation, and is the key reference in the empirical work done in
the ADAM model.”” The export relationship which obtains is a slight departure from
the usual Armington expression because it is not just the partial equilibrium demand
expression but rather it embodies the actual solution to the model. The model starts with
a familiar CES structure for preferences (with o = 1 implying Cobb-Douglas preferences)
in country j:

o

1 o-1 o—1
L T
Cj= i G
i

and a budget constraint y; = P;Cj = ). pi;jcij. This of course has optimality conditions

1—0o
given by (1) zi; = pijcij = Wiy; (’1’3]) and (2) le_” => uip%j_”. The individual
J

price p;; is decomposed into p;t;; with ¢;; > 1 being the increased cost of shipping good

1—0o
i to country j. Market clearing implies (3) y; = Zj Tij = i Zj Yj (%) .
J
Now, in order to solve the model we impose symmetry t;; = t;; and postulate the
following solution (4)

1

s = (Yi\T=
Nil piPi:Qil = (?z)

where Y denotes world income. Using this guess (4) in the price index definition (2) we
obtain

1—0o
-0 _ tij
=y
K3

and using it in the market clearing equation (3) we obtain the same price index which
proves it is a solution. Then, inserting the proposed solution (4) in the demand equation
(1) we obtain a gravity equation relating countries i and j

97Temere, D. (2016) Supply factors in trade determination. Danmark Statistik model group. Anderson
and Van Wincoop (2003), Gravity with Gravitas: A Solution to the Border Puzzle. American Economic
Review 93. Straathof, B. (2008) Gravity with Gravitas: Comment.
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1-0o
g — YiYi lij
Ty \pp

so that total exports of good i are given by

) B 1—0o

J#i J#i

Or in quantities

X v 1ty '
q; = Z%‘j =Y : ?]Tz] (Pin)
J#i J#i

The insight of Anderson and Van Wincoop is that trade between regions is determined
by relative trade barriers. As the entire output must be allocated, trade between two
regions depends on the bilateral trading costs relative to the average trading costs that
both regions face with all their trading partners. This rationalizes the puzzling finding
that borders still impact significantly on trade.

While the solution to the problem yields a gravity equation where the exporter income
appears as a key variable on the right hand side, it is also a departure from the Armington
model in other respects.

If we had aggregated the initial demand expression we would have the more familiar
Armington-type expression:

—0
F=Ten 2 (3)(3)
JFi J#
qj

The presence of the income of the exporter country in the gravity equation reflects
the use of the actual solution to the model inside the partial equilibrium demand curve.
The empirical strategy used in MAKRO is therefore a reduced form empirical approach
which blends the partial equilibrium Armington-type relationship with the full solution
gravity relationship.
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Table 6.1: Exports in GDP*

Year  Energy Goods  Sea Trans Services  Tourism Total
1980 0.009965 0.209866  0.030159  0.033851 0.019014 0.302856
1990 0.009869 0.220335  0.027247  0.051062 0.023638 0.332150
2000 0.026213 0.224690 0.066215  0.060894 0.021287 0.399299
2010 0.026346 0.223389  0.091160  0.072003 0.018959 0.431858
2017 0.014667 0.252829  0.082856  0.091583 0.023563 0.465498
2070 0.003506 0.143127  0.011235 0.225086 0.010250 0.393204
Relative Contribution of each Export Item

Year  Energy Goods  Sea Trans Services  Tourism Total
2017 0.0315 0.5431 0.1780 0.1967 0.0506 1

*Nominal current price ratios of exports to GDP, p

The value of exports of domestically produced goods is labelled in the code vicz .

Xy Xy, GDPHGDP
it it /P Qy
y

Table 6.2: Exports of Imported Goods in GDP*

Year  Energy Goods  Sea Trans Services Total

1980 0.000316 0.021857 0.022173
1990 0.000763  0.031302 0.000016  0.032081
2000 0.001472 0.048124 0.049596

2010 0.004078 0.060029  0.007360  0.001905 0.073372
2017 0.002155 0.079128  0.005320  0.001698 0.086603

2030 0.003654 0.083178  0.009217  0.001569 0.096049
2070 0.003270 0.077237  0.008905 0.089412

*Nominal current price ratios of exports to GDP, pxmintm/ptGDPQfDP

it
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Table 6.3: Level Parameters in the Export Demand Function

Exports from domestic production, ,ufty

Year  Energy Goods Sea Trans  Services Tourism Total

1982 0.184655  2.726522  62.415447 1.708928 0.058375

1990 0.003043  0.828850 4.402792  0.479541 0.211480

2000 0.039735  0.798938 3.702082  0.378267 0.099850

2010 0.381113  1.734667 2.925341  0.200417 0.113815

2017 0.326411  1.762936 1.621652  0.244022 0.100763

2030 0.219385  1.743012 1.700660  0.273381 0.096831

2070 0.219385  1.743012 1.700660  0.273381 0.096831

2099 0.219385  1.743012 1.700660  0.273381 0.096831
Exports from imports, uffj”

Year  Energy Goods Sea Trans  Services Tourism Total

1982 1.000000  1.000000 1.000000

1990 6.229438  73.456229 0.037733

2000 5.753405  94.987369

2010 7.385133 118.302333 13.328790  3.448920

2017 3.866502 125.203811  8.535265

2030 6.817431 139.889514 11.283531 0.136266

2070 6.817431 146.478470 11.283531 0.162020

2099 6.817431 147.705523 11.283531 0.162079

The value of exports of domestically produced goods is labelled in the code v

10y
x,t

Table 6.4: Composition of (Nominal) Exports, f¥ (z,s,t)

Source: Domestic Production Sectors

Man  Agr Ser Ext Con Sea Ene
Value of:
Goods 0.721 0.044 0.234 0.001
Energy 0.003 0.346 0.651
Sea T. 0.028 0.972
Services  0.083 0.850 0.008 0.057 0.002
Tourism

2017 data. Each row contains the fractions of that row’s export good coming
from the respective column production sector. Each row sums to 1. Tourism
is modelled separately. There are no exports of public output or of housing.
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Table 6.5: Tourism Consumption Decomposition

pgFeurist Expenditure Ratio*

Year Energy Goods Services Total Energy Goods Services
2000  0.048 0.504 0.449 1.000  0.051 0.498 0.451
2010  0.056 0.495 0.449 1.000  0.060 0.490 0.450
2017 0.054 0.494 0.452 1.000  0.054 0.490 0.456
2030 0.055 0.491 0.459 1.006  0.055 0.488 0.457
2070 0.055 0.491 0.463 1.009  0.055 0.487 0.459
*Ratio PgtTD””StCZ?“TiSt/P,);TuT,JX/zTuT/’t. Always sums to 1.

Table 6.6: Relative Value of Imported Exports

Production Sectors

Man Ser Ene
X = Goods 0.30268
X = Energy 0.18421
X = Sea T. 0.69413
2017 data. Value ratio. vi@? (vig?t + vigf)

viog"g denotes the value of goods imported
and immediately exported back.
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7 Government

This chapter details government revenues and expenditures. A number of items on the
expenditure side of the balance sheet are exogenous, or obey exogenous relationships for
example to population or GDP. On the revenue side the same is true as much of this side
of the balance sheet amounts to the determination of the realized average tax rate on a
particular item.

A couple of simple relationships are useful to put forward here. First, the government
budget is the primary budget plus net interest income,

Bdg; = PrBdg; + Netr!

and the primary budget is the net of revenues minus expenditures.

PrBdg; = REV; — EXP;

Revenue and expenditure are described in the netx two sections. Net interest income
is described after that. After detailing the balance sheet, we define the structural budget
balance and the fiscal sustainability indicator.

7.1 Revenue

Government revenue is given by the sum of direct taxation, indirect taxation and other
government revenues:

RE‘/t — Tt — TtDirect T Ttlndirect + TtOther

Direct taxes consist mainly of general income taxation, with corporate taxation, taxation
on housing, and other taxes contributing smaller amounts. Direct taxes make up around
60% of total tax revenues and are described in 7.1.1 which covers many aspects of the
Danish income tax system. Indirect taxes consist mainly of duties, VAT and production
taxes, and are described in 7.1.3. Indirect taxes make up around 30% of tax revenues.
The remaining taxation is described in 7.1.4.

Regarding notation, the letter y stands for income and appears in different objects, tax
rates are denoted by 7, and tax revenues are given by the capital letter T. For example,
the sector specific corporate tax rate is called Tg ;" and the total revenue is called T SC 2P
Tax rates in the text, 7, correspond to tax rates in the code t x f, where f is an adjustment
variable to fit the data. These adjustments help match observed average tax rates, given
the rate determined in the tax law. The adjustment factor is sometimes unnecessary and
set to 1.98

Where applicable, variables such as represent sums over all cohorts, while cor-
responding variables with an age subscript, 717°™¢  represent cohort averages. The two

variables are related by T/™™¢ = %~ N, T[7°°™¢ where N, is population.

TtI ncome

7.1.1 Direct taxation

Direct taxation is modeled closely after the Danish income tax law.”? Economic and
demographic movements affect the tax burden such that the relationship between direct

98The appendix contains a table with all government revenues and expenditures; their name, value,
how they are corrected regarding structural level, and which ADAM variable they are correspond to.

99Gee  http://www.skm.dk/skattetal /beregning/skatteberegning/skatteberegning-hovedtraekkene-i-
personbeskatningen-2017
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taxation and the total income level is not constant, and therefore we need a flexible mod-
eling of the tax system.

Direct taxation consists of income taxes T/"¢™¢ labor market contributions (AM

bidrag) T, other personal income taxation, TOPe™s weight duties on cars, T} “9"*
corporate taxation, T "7, taxation on the return on investments in pension funds, T7AL
and the contribution to the publicly owned media, 74 ¢di@;100

)

TtDi'r‘ect — Ttlncome 4 TtAM + TtOPers
Weight C i
+Tt elg 4 Tt orp 4 TtPAL 4 TtMedm

The income tax has a number of components. Furthermore, as income varies over the life
cycle so does the income tax revenue. We have then

Income __ Bot Top Muncipal Property
Ta,t - TaAt + Ta,t + Ta,t + Ta,t

;*_Tlfiock + TaBitusiness + Tfteceased
where the first two components divide income in two groups with revenues for bottom
and top income taxation. The next two items are local (municipal) income taxes and
property taxes. The last three items are taxes on capital income from stocks, taxes on
small businesses that do not pay corporate tax, and taxes on the deceased, as they can
still have income subject to taxation in the year they die.

The revenue from bottom income taxation is given by:

Bot __ _Bot |, Personal NetCap™t PA
Ta,t = Tat [ya,t + a,t — Ya,t

Personal

with bottom tax rate 7t | and is based on personal income, Yot

+
bonds and deposits yivte tCap

and above a certain level, and a personal allowance y

, net income from

which for this tax purpose is conditional on being positive

PA

.t » which lowers the tax burden.

The revenue from top income taxation is given by:

Top __ _Top Personal NetCap™t
Ta,t =Ty ! |:ya, + a,t *Qqt

and here only income above a certain threshold is taxed at this tax rate. The object g ¢

controls for this fraction of income so that 7, l;F ;7 fits the data.

The municipal tax is given by:

Muncipal _ _Muncipal Tazable PA
Ta,t a,t : [ya,t - ya,t ]

The municipal taxation is based on taxable income with the personal allowance sub-
tracted. Taxable income and personal income are defined below.

The taxation on property follows the value of the primo stock of privately owned
housing, H fffffelt

TProperty __ _Property Private
a,t =Ty Mg _1t-1

100 AM Bidrag is a tax of 8%, which all employees and the self-employed must pay each month on their
wages. Employers ensure that the labor market contribution is automatically deducted from salary after
ATP and any own pension contribution have been deducted, after which the other taxes are deducted.
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where 71 "P¢" s an implicitly calculated tax rate.

The taxation on income generated by financial stocks is given by:

101

Stock __ _Stock Foreign Foreign Home Home Gains
Ta7t =Ty ’ (Tdiv,t : Sa—l,t—l + Tdiv,t * Sa—l, 1t Ca,t

where 7,7¢°°* is the implicit tax rate. Both dividends and realized capital gains are subject

to taxation on stock income.!%? The realized capital gains are modelled as a slow moving
average of the actual stock:

Gains __ Gains Foreign Foreign Home Home
Ca,t =0.95- Cafl,tfl +0.05 - |:Tcgains,t : Sa—l,t—l + Tcgains,t Safl,tfl

so that capital gains are gradually taxed with an average realization time of 20 years.

The objects (Sf_mf’f o Sf_o{’ff_1> are part of the household portfolio. rgf;;zf? is given by

an exogenous required rate of return and an exogenous foreign dividend rate. rg%‘{;t is
an endogenous object as it depends on the value of the firm (plus an exogenous dividend
rate).

The business tax follows earnings before taxes, EBT;, with an implicit tax rate,
tBusiness Tt is distributed among cohorts according to their wage income assuming that

business income follows wage income:

. ) . ne w .
a,tYa,t

TtBuszness § TaBstzness Z\ra,t _ Tszusznes\S . EBTt . 2 _ TtBuszness . EBTt

a a Za

e
na,twa;t

where n¢, ; denotes employment of cohort a in period ¢.1%3
Taxation on the deceased are primarily taxes on capital income of the deceased. It fol-

. . . +
lows the base for taxation of stocks, T'Stocks /rStocks and other capital income, y/ ¢ <P

for those that do not survive into next period, 1 — s, ;:

Stocks
Death __ _Death a,t NetCap™
L™ =m0 (U= sa) - | Ssioats F Yo

The labor market contribution (AM Bidrag) is modeled as follows:

e e CivilServants
AM AM | MatWayt >0 NatWat — Tf
Ta,t =T ' )

€
Na,t Za Ng,tWa,t

It depends on wages per person (not per employee) adjusted for pension contributions to
civil servants pensions and the tax rate.t%4

Direct taxation also contains other (residual) personal income taxation, which is given
by the tax on income received from capital pensions, and further term divided according
to personal income times an implicit tax rate:

OPers __ mCapPension Personal PRNCP
Ty =dgy + Yot Ty

101From data on the stock and from data on tax revenues we calculate the tax rate which we then
forecast.

102 A revaluation is a capital gain that is not realized (where assets change prices but are not traded).
A capital gain occurs when the asset is traded.

103There is an abuse of notation relative to the labor market chapter where n¢ , denotes only the
employment of residents and not, as here, the employment of all workers aged a in ;;eriod t.

104The last term is modifying the age dependent wage to be after civil servants contribution. This is
modelled with the extra term as this contribution is not age dependent.
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Tax on income received from capital pensions is given by

TCapPension _ __CapPension TCapPension CapPension
a,t =T Sy “Yart

The weight charge on cars, T:zeight, is calculated per person by an implicit tax rate times

the stock of privately owned cars distributed by age according to non-housing (—H)
consumption:'%®

-H -H
C N Weight Na;tca,t 1

Weight Weight a
T =779 Cars = Cars
a,t t =1 ~"F t t—1 —H
Oh Zj Nj,tC’j’t Ng

Corporate taxation is given by:

TtCorp — } :TMain + TNorthSea

sp,t ext,t
sp

which is the corporate tax revenue from the private sector, TM%" plus a tax for oil and
gas extraction in the North Sea T;No*9¢@ The corporate tax is levied on earnings before
taxes, EBT; :

TtMam — 7_tC’m“p . 2 : EBT‘7t
jEspmext

while tax revenue from oil and gas extraction is given by:

Corp __ rqnNorthSea __ _CorpNorth
Tea;t,t = Lewtt =T “EBITDAcyt 4
. . . . . . . N or
The taxation of the extraction sector is subject to the implicit tax rate th orpNorth = and

based on earnings before taxes, interests and depreciations in the sector, EBITD Ayt .
Pension funds pay tax on the return to their financial assets (interest on bonds, divi-
dends and capital gains on stocks).
TPAL _ 7_tPAL X r%"eturn X APFl'unds
t = t—

Finally, contributions to the public media are given by a fixed amount payed by each
adult, 7Media multiplied by the number of adults.

Media Media
T; =T E Ng i
a>18

7.1.2 Income terms and allowances

Personal income is given by:

e
n
Personal __ a,t AM Taxable X Cap PX yPersonal
Ya,t = (wth L T, +TR,; — PP, — PP " +y,i |- Jan
a,

which is wage income per person excluding the labor market contribution, T, ;‘g‘” , plus
taxable income transfers, TRE;‘;”ble, defined below under government expenses, minus
tax deductible pension payments to the two different types of pension systems, PPa)ft and

105T6 make the model more consistent we could have age specific car stocks. Then the distribution
of weight tax on age could be consistent to the prior car consumption by age. As we do not have car
consumption divided by age we assume it to be proportional to overall consumption, thus sparing the
extra book keeping by age, and distribute the tax according to non-housing consumption.
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PPg +7, plus taxable pension (received) income yJ'¥.1% Pensions are discussed in the
household chapter. An adjustment factor, Jg{f ersonal

matches imputed data.

, ensures that the personal income

Taxable income adds net capital income and subtracts a number of allowances (AL)
defined below:

Tax __ Personal NetCapital FEITC Unemp EarlyRet Other yTax
Yat = (ya,t + Ya,t - ALa,t - ALa,t - ALa,t - ALa,t : Ja,t

Net Capital Income of an average person in a given cohort is the difference

NetCapital __ Cap™t Cap™
a,t - ya,t — Ya,t
where positive capital income is the return on household nominal deposits and bonds
rdep . vftH P and rbonds . vftH Bonds and negative capital income consists of interest pay-
ments on nominal bank debt 7€t . p T HBankDebt “and mortgage debt rmert . o HMort 107
All capital income is then part of taxable income and so enters the tax base for
municipal taxation. However, only positive net capital income (above a certain threshold,
ﬁftcamml > y > 0) is part of the tax base for bottom and top taxation. We are looking
at micro data for an accurate measure and until then we include in the tax base for
municipal taxation the following quantity:

+ ; +
yNetCap _ (yNetCapltal > y > 0) = yggp 0.5

a,t a,t

The potential personal allowance is the same for every (adult) person and follows the
indexation of transfers (satsregulering, s"9). The actual average personal allowance used
is, however, not the same for all cohorts as some (few) persons do not have an income!%:

Pers __ Pers reg ALPers
ALa,t =A ai—1"5¢ T Ja,t

The earned income tax credit (Beskaeftigelsesfradrag, EITC) is an allowance for people
in employment. It is a percentage of income up until a limit. It has the properties of a
negative marginal tax for people with low income and a negative lump sum tax for people
with high income. It is treated as a negative marginal tax, but with a tax rate equaling
the average relative allowance. It could be distributed on age groups according to register
data, but in this model version it is assumed to be the same for all age groups. This
means the total tax credit can be calculated as the average allowance rate times wages:
ALFITC — EITC ),
The total tax credit is divided between the age groups of the population according to
their share of wages:

.ne EITC
ALEITC _ { Wa,t " Na,t } AL
a,t -

e
Za Wa,tNq, ¢ Na.t

)

106Tncome received from capital pensions is not taxed as personal income, but with an independent tax
rate. Payments into capital pension are tax deductible.

107 Capital income fits macro data from statistikbanken.dk and age profiles from registerdata.

108The personal allowance can be used by a spouse if a person has no income (and is married). This
effect is not captured in the model.
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I . U
Allowance for contribution to unemployment insurance, AL, ;“""?, and allowance for con-

tribution to early retirement (Efterlgn), ALﬁ‘Z”yRet, follow the contributions!'??:

ALYReme — qacUmeme . Contlremr
E E > E
ALa,(tLrlyRet _ AQCt arlyRet Oonta;rlyRet

We have data for ALg}fﬂp and C’ontg}loemp . The age decomposition follows wage income.

Other allowances include allowances for transport, clothes etc. These are primarily
related to employment and therefore modeled to follow it:

ALtOther _ ALR?ther . ’I’L?

and it is distributed among age groups according to hours worked:

Oth
ALOthar _ na»th(lﬂf ALt <
a,t - '
Za na,thaﬁt nayt

7.1.3 Indirect taxation

Indirect taxes consist of value added taxes, excise duties, duties from car sales (a registra-
tion tax, registreringsafgifter), and production taxes. Value added taxes and the different
duties are described elsewhere. Indirect taxes also include the difference between customs
taxes (taxes on imported goods) and indirect taxes to the EU.

i EDut i
TtIndz'r'ect _ TtVAT + Tt uty + TtRG_l] 4 TtP'I‘oductzon + TtCus _ TtEU

Indirect taxes to the EU is not exactly equal to customs so a correction factor is added:'19
TtEU — tTCus _TtCus

Revenues from most indirect taxes are coded in the taxes.gms file and explained in the
chapter covering the input-output system. Product taxes described in the input output
chapter are the main part of indirect taxes. They include VAT, customs taxes and duties.

There are, however, also production taxes. They consist of weight charges on cars,
payroll taxes, taxes related to firm’s contribution to workers education, and a small sum
of other production taxes. The first three taxes are sector specific. The respective tax
revenues are modeled using sector specific tax rates times the value of building capital,
machinery capital and the wage sum of employees. Production taxes also include property
taxes related to land and these are also sector specific.!!!

7.1.4 Other government revenues

The specific modeling of other revenues is not yet complete. Currently they are as follows:

nOther _ TtBSQUESt + TtChurch + né + Cont,
_'_Revf‘orezgn + RG’U{{HFiTmS + HtG
_|_GtLRent + JtGovRev

109 Allowances include contribution and administration cost. Therefore the ratios of allowance to con-
tribution AZCtU"emp and A2CFamWEet 4 be above 1.

110We have almost excatly Tovs = TtEU.

111In the national accounts this land tax is paid by both firms and households. As firms do not own
land in MAKRO the revenue is based on the capital stock of buildings and houses.
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Bequest taxes (kapitalskatter/arveafgift) follow the bequest amount, T,
Beqy, where 727" is the implict tax rate and Beg, is the sum of bequests described
in the household chapter. Tax revenue from the church tax follows the same tax base as
municipal taxation and is (at a personal level) given by:

TaC:thuTCh — TtChurch . ftTC’hurch . [yg:(;xable _ yff]
we leave the correction factor, f7¢"re explicit in the text because it also captures the
fact that the church tax is not mandatory and therefore not all people pay it.

Revenues from the depreciation of government capital 79 are discussed in the chapter
on government production and consist of depreciation allowances paid by the government
to itself. They are included here as revenue, while on the expenditure side they are a part
of government consumption. On the public production side depreciation is counted as a
cost. The public sector gets the money back here, however so the actual capital expense
is the investment.

Contributions to social programs (Bidrag til social ordninger) Cont;, sums a list of dif-
ferent specific payments to the state:

Cont, = Cont!™™P + ContPer'viet | ContFreeRest
FContMendatory | CioptCivitServants

All these contributions follow the labor force through a relation of the form:!!2

ConttX — Mg( . ntLabForce

with contribution rate p;X.1*® The set X contains contributions to early retirement, other
voluntary contributions (FreeRest = gvrige frivillig bidrag), mandatory contributions
(obligatoriske bidrag), and contributions to civil servants pensions (bidrag til Tjeneste-
mandspension).

Payments from foreign countries Revy °"“9", payments from households and domestic
firms RevfHErms and profits from public corporations II¢, are all calibrated to match
their respective shares of GDP. For example, given GDP and the share of government
profit in GDP !¢, the quantity TI¢ is calculated as:

I = o' - GDP,

We have data for II¢ and in the forecast period af'¢ is exogenously forecast using ARIMA.
When we shock the model II¢ is exogenous.

The land rent, GEFe" | depends on the gross value added in the extraction sector, and
is given by:

LRent Rent
Gt = Tt . GVAewtﬂg

Lastly, J&UT? is a variable that secures that REV; = T; fits actual data. J&OURev is a
very small amount which fluctuates around zero and is set to zero in the forecast.

12The labor force in MAKRO is calculated exogenously (mechanically) as a function of endogenous
employment as exogenous population.

113 This rate follows the regulation rate of public transfers (sats-regulering) as explained under public
expenditures.
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Table 7.1: Government Revenues: Tax Rates.

Direct Taxes

Text Code Factor Value
Bot __ ¢Bot tBot tBot
Tat =17 X faz Jat #1
T T
T op _ tt op
Municipal _ yMunicipal tMunicipal tMunicipal
Ta,t =t X fa,t fa,t #1
Property Property
T =1
TtStocks — ttStOCks
TtBusiness — tf’usiness
TtDeath _ ttDeath
AM _ +AM tAM tAM
Ty =1t X fy i #1
PAL __ 4+PAL tPAL tPAL
Tat =t X fa,t fa,t #1
TtBequest _ ttBequest
TtTent — t{%ent
Church __ tChurch tChurch tChurch
Ty =t X [ It #1
7_tI/Veight _ tiueight
7_tCapPension _ ttC’apPension > 7;ﬁCa;xoPension fCapPension ?é 1
Corp _ 4,Corp tCorp tCorp
T =1t eyl It #1
TtJ\ledza — tiMEdZa
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7.2 Expenditures

Government expenditures are given by consumption, investment, transfers, subsidies, and
other expenses:

GtEXP _ GtCons + thnv + GZ“rans + Gfubs + Othe’f‘t

Details of government investment and capital stock are described in the chapter on public
production. Due to specific accounting standards which apply to the public sector, gov-
ernment consumption consists of two separate objects, one given by capital depreciation
and the other being a quantity which follows population changes (with a population met-
ric F/V) and wages. As detailed in the public production chapter we have for consumption
excluding depreciation

GCxD ~CxD __ , GCxD 17N
Py Gy = Mt F Wy

7.2.1 Transfers

Government income transfers are the sum of many different items (33 items j in the set
r):

TR; = E TR+
jer
Every income transfer j is determined as a rate per person in million kr times a base in
thousand persons: 4

TR
TRjert = Ratejer 1 Basejert + Jjcr

Rates follow the sats-regulering (SREG) rate:

Ratejep,t = Ratejeth_lSREGt + JJReart\pt

The “sats-regulering” rate is based on the average wage per worker with a two year lag:

7 2 (Wap2 G4 o)
SREG; = =2 g

ne_, Za (wa,tfi% ) ng,t—?))

while the base is a mapping S2T from socio-economic groups contained in the demographic
projection, “Befolkningsregnskabet” to the transfer groups.!!?

Basejert = Basejer = E S2Ter, socNsoe

soceSocio

The mapping S2T is contained in a matrix. In most cases this matrix only has diagonal
elements - i.e. one socio-economic group receives one type of transfer. In several cases,
however, more than one socio-economic group receives the same transfer type for example
employed and not employed student receiving student benefits. Also, the base for some
transfers is all people of age 18 and above. In a few cases the socio-economic groups are
divided between two transfer groups where they are not the only recipients. This makes
it necessary to have coefficients less than one in some cells.

1141t is necessary to include an adjustment term in order to calibrate the model as in some years transfers
have been paid even though the base is zero. This is probably due to corrections in transfers paid from
the year before. The numbers are, however, very small and in projections this adjustment term is set to
zero and not used.

115397 stands for Socio2Transferj soc, where j € I', soc € Socio.
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The number of persons in the different socio-economic groups changes with employ-
ment. When employment increases by 1.000 persons groups that make up employment
increase by 1.000 persons, and the groups which make up non employment decrease by
the same 1.000 persons. The specific allocation follows the deviation from structural
employment:

nsoc,t = 'ﬁfsoc,t + )\gff,gE (ntE - ’ﬁ’tE) + ;Losc(?g
where nfis total employment (excluding foreign workers) and 7 is the equivalent struc-
tural employment, and the factor )\gfc%fE is the marginal effect from deviations of employ-
ment relative to its structural level on the composition of the different population groups
(socio-economic, index soc). The object fisoc ¢ is the structural number of persons in the
socio economic group soc, and Jg;’¢ is a calibration adjustment term. The adjustment
term is set to 0 going forward, but can be non-zero in historical data.

Changes in employment affect not only the distribution of the population into socio-
economic groups, but also the size of different groups receiving government income trans-
fers. 116 The different socio-economic and transfer groups are not age-specific in the
model. We do, however, need to know the total value of transfers divided by age - and
how they are divided into taxable and non-taxable transfers. The government income
transfer per person of a given age consists of several terms: a term consisting of transfers
moving with employment (employment effect EEFF), a term consisting of children related
transfers, and a term consisting of transfers not moving with employment (other effect
OEFF):117

ne )
TRay = RatefP"" L + TR 4 RateQ "
a,t
The changes in transfers per employed that move with employment (Employment Effect
Rate) are calculated to be in accordance with the effect on base for transfers above:

EEFF __ dS2dE
Rate, = E Rate; E 82T soc N g0t
jer soceSocio

The rate concerning employment effects is not age dependent as it is assumed that move-
ments in employment cause the same effect on socio-economic groups no matter the age
distribution of the employment changes.!'® The rate concerning other effects (OEFF) is
given by:

RateQPFF = pOEFT pOPFE N " Rate; Y S2T} s0cP2Ss0c + J/11°
jerl soceSocio

This component does not move with employment. It is age distributed in order to capture
the detail that not all age groups are allocated identically across socio-economic groups.
The term in brackets is the average transfer per person over all age groups. Historically the
age distributed transfers are imputed using age distributed socio-economic groups from

116The effect is based on estimations from the Ministry of Finance reported in the paper “Tilpasning af
undergab i befolkningsregnskabet”.

117The first rate is not per employed as employment is distributed among different socio-economic
groups depending on age. It is the marginal effect that is assumed to be the same across age groups.
So the first term is not the actual transfer per employed, but the marginal transfer evaluated at actual
employment. Differences between average and marginal rates are caught in the second term and assumed
to be unaffected by changes in employment.

118This assumption may be loosened in a later model version given more detailed data work.
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BFR under the assumption that all recipients of a certain group receive the same amount
independent of age. In order to match this imputed data an age-dependent factor FOPFF
is included. It is calibrated to catch all differences in transfer rates not from employment.
In the projection the age-dependent factor is “pre-calibrated” outside the model using
the projection from BFR and the projection for transfers. This ensures that also in the
projection the factor represents the correct age-distribution of socio-economic groups.
The non age-dependent other factor FOEFF is endogenous and proportionally scales the
non-employment-related transfers so the total age-distributed transfers yield the correct
amount.'' The composition effect not captured by the exogenous age distributed factor
is small and the non age distributed factor is approximately 1.

Not all government income transfers are subject to income tax. The set of non taxed
transfers is a subset of I denoted by (I'-7). All income transfers related to groups affected
by changes in employment are taxed. Therefore, changes in employment do not change
the amount of non-taxed transfers. Again, using age distributed socio-economic groups
from BFR under the assumption that all recipients of a certain group receive the same
amount independent of age, we calculate how the non-taxed transfers are distributed
across age-groups as follows:

Ratej,aTRj
N,
This rule only influences the age distribution. The rule is updated when the population

data (BFR) is updated or when the underlying rates change. The age distributed transfers
subject to taxation are the subset of transfers denoted by (I'r), such that I' = (I'=7)+(T'7).

TRjc(r-r),a =

7.2.2 Subsidies

Government subsidies are given by subsidies for products and production minus subsidies
financed by the EU:

Sfub — StProduct + Sfroductzon o StEU

Production subsidies are mostly related to input costs, mainly wages. Production
subsidies excluding those related to labor/wages are modeled as a constant share of gross
value added. Product subsidies are negative duties which are part of the net duty rate.
Both types of subsidies are determined in the taxes.gms module. Subsidies financed by
the EU are modeled as an exogenous share of GDP. Expenditures on the purchase of land
and of licenses, payments to foreign countries, to households and to domestic firms are
all modeled as shares of GDP.

7.3 Net interest income

Net interests income consists of earned interest income from government assets minus
paid interest on government liabilities:

y_
Netr{ = Aji1-1ie— Y Ljs—1- 7
icA jeL

where A is the set of Assets owned by government and £ the set of government liabilities.
Government assets consist of bonds, deposits and (almost exclusively domestic) equity,

119Without this term this would not be the case outside the calibration as the age dependent factors are
only an ad hoc representation of the correct mechanism when transfer rates and or socio groups change.
This is the price to pay for not having the age dimension on all socio economic transfer groups and adding
approximately one million extra equations and doubling the size of the entire MAKRO model.
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while government liabilities consist only of bonds (divided between real estate bonds and
other bonds). In the forecast the above expression is written in terms of average rates and
total nominal assets and liabilities. In the case of assets these are held in tow separate
accounts, A and F, which we discuss below. We have:

A L
Netr] = (At%1 + thl) Ty — Ltgflrt

A A
ry = Zwig,tq “Tig+Jy
icA

L L
Ty = ijg,t—l riet+Ji
JjEL
with
¢ Ajeai—1
Wit—1 = g g _
A+ FL, = ZieA A

¢ Ljcr,i—1
Yit-1T TG =
t—1 — Z

The adjustment terms ensure that we match the observed historical return. Since
not all individual assets (stocks of a specific company) yield the same return, a different
micro composition of public and private portfolios implies different observed returns in
the data. In the model equity is treated as an homogeneous asset. In the projection it
must therefore generate the same return to all agents holding it which means setting the
j-terms to zero.'?9

JEL Lj,tfl

It is assumed that the value of government assets is a given fraction of GDP, AY | =
A2Y;-G D Py, which implies changes in the primary budget relative to GDP change also the
gross debt to GDP ratio. The interest rate on liabilities (government bonds) is the rate
used as the government discount rate in calculating the indicator for fiscal sustainability.
Government liabilities are residually given after government assets and government net
wealth has been determined:

AY —~ NETWE =LY

Since we obtain liabilities as the residual object, we need an independent way of
calculating net wealth. Government net wealth is determined as net financial assets
excluding those in government funds (Ff):

NETWE = A9 — LY = NFAY — Ff

where we note that this net financial assets object is not the same as NFAY # A9 — L9,
Government funds are exogenous. These are public savings available to be disbursed
to private agents, and which are (financially) managed by the public sector until they
are paid out. From an accounting view they are indistinguishable from any other asset
portfolio the government may hold.

Net financial assets change with the government budget and with revaluations.'?!

NFA] = NFAJ | + Budget, + REV/f

1201t is assumed that the government does not issue mortgages or equity and only has debt in the form
of bonds.

121\When measuring the value of assets it is irrelevant whether assets are traded or not. Therefore a
revaluation is the same as a capital gain. The distinction is only relevant for tax purposes.
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Revaluations are modeled in the same way as dividends or interest payments - i.e. as
a weighted average of revaluations for the different types of assets and liabilities with a
j-term to adjust for historically different returns for the different sectors:

REVvtg _ Z Ai,tfl . T;:iazn _ Z Lj.,tfl . r;iazn + Jt(jrev
i€ A jeL

The revaluation/capital gain rate for equity is the change in the value of the firm which

is endogenous in the model. All other revaluation rates are exogenous. The different

types of assets except bonds are a constant part of total assets including funds (constant

portfolio weights):!22

Ai,t|i€.A = wgt . (Atg + th)

Liabilities are also equally divided between bonds and mortgages:

G __ G _ .G g
MORGY = Wy, g E Lji| = wmorg Lt
jeL

MORGY
wd =
morg, g

Ly

These two equations are identical. In data years the bottom expression is used to calculate
omega, and in the forecast years an exogenous omega is used to calculate mortgages.
Non-mortgage Bonds are the net of assets and liabilities:

Bonds? = w%(mds’t . (Atg + Fundsf) — (1- wg ) LY

morg,t

Government-issued Non-mortgage Bonds

7.4 Structural objects

The government structural budget is given as the actual budget corrected for business
cycle effects and other temporary effects:

SBdg; = Bdg; — BCEffi — OTEff;

The business cycle effect is calculated on the basis of a budget elasticity, the output-gap
and the employment-gap!23:

e
BCEff, = nPudoct. (0.6- (”t - ) +0.4- (yt - 1)) GV A,
Ny Yt

Other temporary effects consists of gaps in tax revenues (pension return tax, extraction
tax, company taxation, registration duties on cars), gaps in net interest, gaps in other
special posts and extraordinary corrections. These are in the current version of the model
taken as exogenous.

The fiscal sustainability indicator, in the model called HBI (holdbarhedsindikator),
is equal to the net present value of all future government revenues minus expenditures
(primary budget) minus the initial government net debt (or plus net wealth) relative to
the net present value of GDP:

1221n the data, we only have a breakdown of assets and liabilities, where funds are included. We assume
that funds have the same distribution as other public savings.

123Details on calculations of the structural budget balance is given in “Finansministeriets metode til
beregning af strukturel saldo” available on the web page from the Ministry of Finance.
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(L4 7) 3% (g k=) PrBdgss + NETWE.,

(470 % (Wi ) GD P

where we discount both GDP and primary budgets using the government bonds rate.
It is assumed that the primary budget balance and GDP is constant (corrected from
underlying growth and inflation) from year 2099 and onward.

HBI, =

7.4.1 Structural budget balance

The structural budget balance is a key parameter in the Danish economy as it is used
by the ministry of finance to secure that the public budget is fiscally sustainable. One
of the key elements in the budget law (Budgetloven) is that the deficit on the structural
budget balance cannot exceed 2 pct. GDP. Thereby, it is crucial how the structural
budget balance is calculated as it sets the framework for fiscal negotiations regarding the
public budget. The ministry of finance has developed a very detailed way to calculate the
structural budget balance. The structural budget balance in MAKRO is calculated with
the same methodology. However, not all details from the method used by the ministry of
finance are implemented in the structural budget balance in MAKRO.

The structural budget balance has the same structure as the actual budget balance and
therefore every component in the actual budget balance has a corresponding structural
level. This structural level is calculated from the actual (realized) value by correcting
for business cycle gap (shown above). The ministry of finance has estimated a large
number of elasticities which determine how a given revenue/expenditure z is affected by
the business cycle. These elasticities 7, are exogenous parameters in MAKRO and are
used in the following expression:

VStructural VActual |:1 — Ny - (0 6 - < _ 1> +0.4- < _ 1)>:|
ng Ut

For some remaining revenues and expenditures, their movements cannot be explained
by the business cycle gap. Therefore the structural value for those variables is calcu-
lated using a 7 year moving average of realized values. These objects enter MAKRO as
exogenous values.
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8 Public Production

The public sector output that is consumed in the economy consists of all the different
goods and services provided by the state, from education and health care, to the judicial
system and defense, and to child care, elderly care, etc. This output, Y%, is not exported.
It is entirely consumed domestically. The vast majority of these services are paid for using
tax revenues or using the intake from public debt issues. A small amount is paid directly
by private agents, as is the case for some co-payments for health care and education.

These private payments show up as household consumption of public goods and ser-
vices, and we denote them here as CPU. The rest is accounted for as government
consumption of public goods and services, GFY, or government investment from pub-
lic production I¥V. This is a demand side view of the public output. In real quantities
Y;G — CPU + (GPU +IPU).

Total demand for public goods equals total production of public goods. From the
perspective of the supply side, the demand for public output is either exogenous or taken
as given. In fact, in the model public consumption is partly exogenous as one of its key
determinants is the exogenous evolution of population. In what follows we look at the
supply side, namely at how Y is generated, and how respective prices are calculated.
Afterwards we return to the demand side.

8.1 The Supply Side

There is one “supply function” for the entire public sector. is produced just as
private sector goods are, in the sense that it uses labor, capital equipment and structures,
and intermediate inputs. Public production, however, differs from private production
in three important details. First, in the data public production is measured by the
input method. This means the value of output is exactly the sum of the value of the
inputs into production. Second, following accounting standards for the public sector, the
cost of public capital is entirely accounted for as depreciation. Investments into capital
accumulation are not directly considered to be capital costs. These accounting rules
imply we need alternative modeling to the production of public output. Third, there is
no production function.

The input method is equivalent to a zero profit condition. We know that as long as
we can measure the nominal cost of each input X] we must have

124 YG

PYE =Y i)
J
We have separate measures of the price and quantity of each input. We can measure
investment, capital stocks, employment, and quantities of intermediate inputs used.

The remaining issue is how to measure separately the quantity of public output, Y,
and its price P%. In our model of the private sector we solve this problem using a theory
of production. This is materialized in a (CES) production function that describes how
the quantities of inputs are organized to generate units of output. The output price is
then a by-product of this theory and of profit maximization. This is the optimization
price P°, the same derived here for the public sector.1?®

In the public sector we follow the data and use instead a “model” for the output price.
This “model” is a price index. Given the zero profit condition the quantity of output can
then be determined as the residual variable. There is no optimal choice of inputs as there
is in the model of the private sector. Such a choice is replaced by rules for the evolution of

124The term supply function is used under caution since there is no production function of public goods.
125Details in the chapter on the problem of the firm, and the chapter on pricing.
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input requirements which are taken as given by the government - if we view government
as “managing” this giant production “firm”.

One of the assumptions regarding the evolution of inputs is that the capital stock
follows the evolution of both public and private sector output. We make this assumption
explicit below where we add the parameter 4 to model it. Another assumption is that
labor costs and intermediate input costs have an exogenous proportional relationship,
here summarized by the parameter of.

For what follows, it is important to emphasize that the input method implies the
equation above matches flows of inputs with an output flow. Flows of intermediate
inputs and flows of labor costs are directly measured, and the remaining flow is that of
costs related to capital. In a model of private sector production this flow would be closely
related to investment, such as costs of investment and installation costs. Here, however,
this flow is considered to be a measure of expenses with only capital depreciation.

8.1.1 Fundamentals
Input prices: materials and labor

The demand for intermediate inputs (materials) has the same structure as that for firms in
the private sector. The price for materials in the public sector, pf, is therefore determined
just as in the private sector problem.

The measured expenditure on labor by the public sector consists of wages paid, w;n;.
Payroll taxes, 7, are disregarded here as they are a transfer from the state to itself. The
wage expenditure also disregards vacancy posting costs as these are a component of the
user cost of labor which is not considered in the input method of accounting for the public

sector. The wages per worker in the public sector is then

Wy = wihyprpf

where h; and p, are average hours and average worker productivity which are equal for
all firms including the public sector, and pf is a parameter that calibrates the different
average wages across sectors. The unit wage w is the average contracted wage and reflects
the wage rigidity due to staggered contract bargaining. All these are detailed in the labor
market chapter. Below we work with the labor variable L = hpn, so that in this text
these objects are relabeled wyn; = PtLLt.

Capital depreciation rates

Public capital stocks (machinery and buildings) each obey the standard law of motion

K= (1-67) Ko + 1,

In the years where data are available we use observed investment and capital stock and
apply the law of motion to obtain the depreciation rate 6&.126 This is important since
the depreciation rate is a key parameter in the user cost of capital, and for public capital
is is the key parameter. Then, given the historical data generated for the depreciation
rate, we fit an ARIMA process to that data, and use it to forecast the future evolution
of §¢.

The mechanics of the law of motion are extended beyond the period with available
data and into a planning horizon (2025) where we feed into the model the investment

126 Every production sector has its specific building and materials capital depreciation rate since capital
is the accumulation of a CES aggregation of investments sourced from all production sectors, and this
sourcing varies across the demand side sectors.
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expenditure planned by the government. This, coupled with the forecast of the depreci-
ation rate, yields a time series for the capital stock for this “planning period”. After the
planning period the assumption of the relationship between the capital stock and public
and private sector output embodied in the parameter &5 is the constraint determining
the evolution of investment. This is detailed below.

Input prices: capital

Following international accounting standards, in the national accounts depreciation alone
is used as the cost of public capital. We denote this cost of public capital as proportional
to the capital stock, PXK; i, and P is given as the investment price of the relevant
type of capital, P/, times the depreciation rate calculated above, 6&. In order to exactly
match the data in the data periods we need two additional correction terms, A, such that
for each type of capital we create a new price variable P/* and a new quantity variable
K} as follows

PEK, = PPPK} = N'PINISC K,
N~ ——

PR

We have data measures for both P/* and K}'. Given our data on capital K; ; and
investment I; we used the law of motion to recover the depreciation rate. Given the
empirical measure of K;' this then allows for the recovery of A{. Investment prices P/
and the empirical measure of P/* allow for the identification of \[. The values of (A{, )
are very close to 1 in the data years so this is a small correction.!?” These are both
eliminated (take the value 1) after 2017. We are therefore just valuing depreciation with
the investment price, P{0%K; ;.

We now detail how these new price and quantity variables are used in accordance with
the way the output price index is constructed in the data.

8.1.2 Calculating the price of public production

Given our P/* and K;'we impose the labor-materials restriction. Define the residual value
of labor-plus-materials by using the equation

VtLR = YtGPtO - Z Pij,t)\Ki}:t
i1€(b,m)

Now add the assumption regarding the relationship between labor costs and intermediate
input costs through the exogenous parameter of. This parameter is endogenous in the
data years, and fixed/forecast after that. Define then expenditure on labor and materials
by adding the equations

PR, = aftVHE

PFL = (1—aff) VB
With these, calculate the output price index as done in the data:
S icwm) PLOKR + PER + PFL,

P =P PN K} + P R, + PE L
Zie(b,m) i,t—1 i,t+ (ARRLT N P

127Total depreciation value P{&?Kt_l differs slightly from the national accounts data due to compo-
sitional effects in the prices of capital and investment. This affects the chain indices used to calculate
prices. In order to match the data exactly we need the \ factors.
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and an initial condition for P? is required and also available in the data. The numerator
on the right hand side equals by definition PYY,“.

This equation, and in general the expressions in the algebra in this chapter look slightly
different in the code, as there we have growth correction terms and other details which
are not essential to the exposition here.

8.1.3 Determining real investment

Now we add the main restriction imposed by the exogenous number &

P/K,1 =af (0.7 x (PY°YS — PER,) +0.3 x X;)

The auxiliary X; is a measure of private sector value added. This cannot be analyzed
as it is, because this capital stock K;_; is already determined. So, the restriction that
applies at time t is the above equation forwarded one period. Using the law of motion to
eliminate K; we obtain that time t investment is a forward looking quantity that solves
only in the full model equilibrium:
dg-l YGy G R G
I = (0.7x (PLSYS1 — Pl Ripr) 4 0.3 x Xyqq) — (1= 67) Kyy

I
Pt+1

The parameter &£ is endogenous in the data years. It is implied by the available data

on investment. This is reversed after the planning period where the exogenous forecast
of &% implies investment.

We notice here the presence of a new price variable, PY¢. This variable differs from
P? in the data years but it is virtually identical after 2016 ( a nearly constant factor
difference of 2%o).

8.1.4 Matching the code

We have a large number of objects. They are labeled in the code as shown in Table 1.
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8.2 Composition and determination of investment and interme-
diate inputs

As mentioned at the start of this chapter, the evolution of the size of government is
partially exogenous. Not only that, some specific components of government expenditure
also follow exogenous trends or predetermined relationships to aggregate variables.

8.2.1 Intermediate inputs

The objects PE = pR[off’,t] and R; = qR[off’;t] are aggregates of purchases by the
government from all sectors in the economy, and also from abroad, just as in the private
sector. Just as detailed in the consumption chapter, the quantity R; is sourced first
from all nine production sectors using a Leontief structure. In terms of parameters we
have only the fixed proportion (scale) parameters. The government obtains intermediate
inputs mostly from manufacturing and services with smaller but significant contributions
from energy and construction. We have

. Rman RSET
R; = min ( ¢ —t_ etc,)

man ’ ,ser’
It I

or equivalently R**" = u™*" R, and R;*" = p*“" Ry, etc, with Zj w/ = 1. In 2017 these
parameters have the values shown in Table 2.

In the code these parameters are labeled p® = uIO[off’;s,t]. This indexing merits
explanation. The code object ulO[x,s,t] maps the demand set x against the supply set
of nine production sectors s. In the case of intermediate inputs the set is z = r and
maps s into s because the general construction is that all nine sectors purchase inputs
from each other.

Below that, the sourcing from foreign and domestic suppliers is done through CES
aggregation.

8.2.2 Investment

In the data we have different classifications of investment which have to be allocated to
our two types of capital goods. These are direct, indirect, and new investments. Indirect
investments are purchases of existing capital and are entirely allocated to structures
(buildings) capital. New investments are divided between both capital types with a share
parameter, u{)\ftEW . And direct investments, which consist almost entirely of publicly
funded R&D are allocated to machinery investment.

Define a value object as equal to a price measure times a quantity measure. For
any index A we have that the nominal value of some type A of investment is given by
VA = pATA. Public investment, V;GI , then consists of direct investment V,P% indirect
investment, V,/VP and new investment, V,Y¥W . They map into buildings and machinery
as follows:

GI _ , NEW{,NEW IND
Vi = Hp,t Vi +Vi

VGI (1 _ NéYtEW) ‘/tNEW T ‘/tDIR

m,t =

Total investment is then

V;GI:VZ;C’;;I"‘VGé:%NEW‘F%IND"“/;DIR

m
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The values of public direct and indirect investments are given by fixed factors, u’’f

and p/VP | times nominal value added in the economy

VvtDIR _ ?IRV;BVT

1
IND _  INDy,BVT
Vi =p "V

Finally, the price of direct investment is the price of public output since the state is
effectively purchasing the goods that it is producing. The price of indirect investment is
the price of structures (buildings), Pb{ gt 1t has a sectoral index g = ’off” because the
general construction is that investments are aggregates/compositions of purchases from
all sectors and this composition can vary across demand-side sectors. In fact they do
not as we impose the same sourcing structure across all sectors.'?® The price of new
investments is an average of the sector specific prices of buildings and machinery

BV < VP (P B+ (1= i) Pl )
and of course VNEW = pNEW [NEW 129

In addition, the above relationships are used to impose exogenous structure on the
data, not to calculate investment prices specific to the public sector. The reason is that
these prices are assumed to be the same as in all other production sectors. The investment
price of machinery and buildings is identical across all sectors because it is assumed to
be sourced with the same composition in all sectors from all sectors, and also with the
same domestic and foreign goods composition.

The parameters puPTf, NP u{)\ftEW are calibrated in order for
to fit the available data.

V'tDIR7 V;IND, ‘/tNEW

8.2.3 In the code

Once again it is useful to translate these objects into code language and Table 3 contains
a useful summary.

8.3 The demand side

Public production, Y,%, is given in the Input/Output system as the sum of three demand
components: private consumption (of public services) CPY | public consumption (of public
services) GPU | and public direct investments, IP1E.

VE =Y + (GFYV + IPR)

In the planning horizon the nominal value of private consumption of public services
PtGC’tP U and the nominal value of public direct investments, V;D IE " are both exogenized
and together with the public price index they determine the quantities CZ'V and IP1E.
The remaining demand side component is public consumption of public output, GF'V.

Total public consumption Gy is the sum of public consumption of public output plus
public consumption of private output, G; = GF + GF'Y. Both components are described
in the IO-chapter. The nominal value of total public consumption, V,¢¢ is now further

128We actually add a very small correction factor because we do need it to vary across sectros in order
for investment to exactly match the data.

129Djrect investment is a particular item because conceptually it is an investment the public sector
purchases from itself and yet it is priced at the price of machinery. We never actually use the quantity
IPIR only its value VPTE, The corresponding quantity could be recovered with the price an ;- However,
only the total quantity of public investment into machinery is needed in order to use the law of motion
for capital.
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decomposed into two parts. One is the depreciation cost of capital which we have detailed
in the supply side, and the other is the remaining amount which is “modeled” as evolving
according to population with a factor F¥ and total wage income in the economy, denoted
here by W;, and overall with a parameter u{c*P:

VtGC = Z Pk?t\KI?,t + H?CIDFtNWt
ke (b,m)

The associated quantity object (uf'®*PFNW,) /PEY*P is the real (as opposed to nomi-
nal) public consumption excluding the depreciation cost of capital, GE*P. This quantity
is a calibration object and it is exogenous in the planning period. This then requires the
calculation of the specific price for such quantity, P*P, and this calculation is done
using a chain index as follows:

‘utGCxDFtNWt = PtGCmDGtCmD

GCzD ~CzD _ pG IX g
Py Gy =P Gy — Z Py Ky
ke(b,m)

GCxD ~CxD _ pG I\ A
P0Gy =P Gy — E Py 1K,
ke(b,m)

These equations contain the price of total public consumption, P, which is the
composite of private sector prices and the price of public output. This is not the same
object as the prices we saw above, PtYG and P?. Further details of the construction of all
prices can be found in the government expenditure chapter.

In the planning period real public consumption, G; , is an endogenous variable de-
termined in part by the exogenized G¢*P. Public production to public consumption,
GFY is a fixed share of real public consumption, G;. After the planning horizon G¢'*P
is endogenous and G} is exogenized and set to follow a demographic development.

8.4 Appendices - Public Production
8.4.1 Productivity Growth

It is assumed the there is no labor augmenting technological progress in the public sector.
A simple way to understand the consequences of this fact is to work as if public production
happened through a Cobb-Douglas production function with inputs (K, K, L, R) . In
such a case the price would be the variable recovered through the zero profit condition,
and this price would be

KN\ o af ok R
P = i P"Iit PitL iﬁ
‘ ak ak al ak

Consider now the effect of labor augmenting technological progress inside the produc-
tion function. This generates the following price relationship

K\ % K\ %m al a®
o i Pn.t i L
K ol ak aler alt

On a balanced growth path all input prices or user costs grow with the inflation rate,
except for the user cost of labor which increases with the inflation rate plus the Harrod
neutral growth rate g¢. This implies for a Cobb-Douglas output price:
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Py
Py

L
1 1 &
:(1_’_7T)a§(+af§+a’%<( +7) ( +9§)> 14

(1+g¢)

It is, however, assumed that there is no productivity growth in the public sector. This
implies that its price will grow with a higher rate, namely
P
Py

=(1+7 L4 m) (14 ge)*

l
)af-&-afi-l-aR ((1+7T) (1+g§)>a :( L
1
where the contribution of the growth rate of technology on the labor price is weighed by
the labor share.
This is captured in the price index of public production by adding the growth of
technology in the denominator as follows

Sievmy PR + PER,+ (PEIEE) (4T0)
> ie(bym) P KD+ PR R+ (PR /E1) (68 Ly)
and this works in the desired way because the technology factor is normalized to be a
constant equal to 1 for all sectors except for the public sector where it declines in value

over time. It takes the value 1 in 2010 and then declines steadily (it reaches 0.5 between
2079 and 2080).

PtOZPtO—l
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Table 8.1: Public Production Code Names. Part 1.

P} = pOffAfskrkt] aFf,  =rOffK2Y[k,t] K}, = qOffAfskr[k,t]
Pl = pR[off’ t] aﬁ =rvOffR2LR[t] R: = qR[off’,t]
Pl =vhwlt] VLR = vOfiLR[t] L =L[off’ ]
P —pKLBR[offf] A, =fpOfifskrlkt] YE = qY[off’ ]

A = fqOffAfskr[kt] I, = ql_s[k,off’,t]
Pi{t = pL_s[k, off’ t] (55’; = rAfskr[k,’off’t] K;;, = qK[k, off’ t]

’off’ is an element of set ’s’ denoting the public sector. ’ib’ is an element of
the set ’k’ denoting buildings, and ’im’ denotes machinery in the same set.

Table 8.2: Intermediate input parameter values

pmen =0.1802  pn =0.0430  phov
pser =0.7155 pu®*¢ =0.0559 s = 0.0036
peer =0.0014  pet =0.0004  pIov

In the code these parameters are labelled p®=ulO[ off’,s,t]

Table 8.3: Public Production Code Names. Part 2.

V! = vL s[iboft]  pFW = rOfNyIB2I[t]

Vncj{t = vI_s['im’, off’,t] ,uPIR = rvOffDirInv2BVT|[t]

P, 'rIn:g,t =pl_slim’off’t] p/NP = rvOffindirlnv2vBVT]t]
Pl.,  =plsPib offt]  VNEW = vONYInvl]

pf NEW = fpOfiNyInvt] VPR = vOffDirlnv[t]

PNEW = pOfiNylnv[t]  V/NP = vOffindirlnv]t]
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Table 8.4: Public Production Code Names. Part 3

GY = qG['gtot’t]  V,&¢ = vG['gtot’t]
pdeel uvGxAfskr[t])  FN = fDemoTraek]t]
Wy = vhW]t] PEC*D = pGxAfskr[t]
GFOrD = qGxAfskr[t] PFC pG['gTot’ t]
Text Code Definition
Pff‘ poffAfskr[k,t] Deflator for public depreciation
Pl pR[7of’ t] Input deflator for materials
PE =W, vhW]t] Wage per unit of productive labour
PP = pFc pGlgTot,t] public consumption deflator
PE pK[k, off’ t] User cost of public capital
Pl pl_s[k, off’ t] Investment deflator
o?le rOffK2Y [k, Public capital policy ratio
alf rvOffR2IR[t] Share of materials expenditure
VLT vOIfLR[t] Expenditure on materials and labor
)\ﬁ . fpOffAfskr[k,t] Correction term for Pk
/\gt fqOffAfskr(k,t] Correction term for K
61-% rAfskr[k,’off’ t] Capital depreciation rate
K2, qOffAfskr[k,t) Total capital depreciation
Ry qR[off’,t] Quantity on materials
Ly L[ off’ t] Total productive hours
\ qY[off’ t] Public production quantity
I ql_s[k, off’ t] Public investment quantity
K+ qK[k, off’,t] public capital quantity
beii vI_s['ib’, ’off’ t] Value of Structures (buildings)
Pl gt pL_s[im’off’ t] Investment deflator for machinery
uENEW fpOffNyInv][t] factor
PNEW pOffNyInv/t] Deflator for new investments
N EW rOfiNyIB2I]t) Building capital’s share of total public capital
uPTE rvOffDiIrINv2BVT|t] Direct investment to GVA
IND rvOffIndirINv2vBVT|t] Indirect investment to GVA
VNEW vOffiNYInv]|t] Value of new investments
VIR vOftDirInv|t] Value of direct investment
VIND vOffIndirInv|t] Public sector net purchase of existing capital
G%¢ qG['gTot’,t] Quantity of public consumption
GCzD uvGxAfskrl[t) Scale parameter
G&ozD qGxAfskr[t] Public consumption excluding depreciation
VEC vG['gtot’,t] Value of public consumption
FN fDemoTraek]t] Population factor
pECe=D pGxAfskr[t] Deflator
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9 Structural budget balance

The structural budget balance is a key parameter in the Danish economy as it is used
by the ministry of finance to secure that the public budget is fiscally sustainable. One
of the key elements in the budget law (Budgetloven) is that the deficit on the structural
budget balance cannot exceed 4 pct. GDP. Thereby, it is crucial how the structural
budget balance is calculated as it sets the framework for fiscal negotiations regarding the
public budget. The ministry of finance has developed a very detailed way to calculate the
structural budget balance. The structural budget balance in MAKRO is calculated with
the same methodology. However, not all details from the method used by the ministry of
finance are implemented in the structural budget balance in MAKRO.

The structural budget balance has the same structure as the real budget balance.
Thereby, every component in the real budget balance has a corresponding structural
level. The structural level is calculated by correcting the real value. To do so two ap-
proaches has been used. The main part of the variables is corrected with respect to the
business cycle gap. The remaining is corrected by using a 7-year average value of the real
value.

The business cycle gap is calculated by weighing the Gross Value Added gap (by 40
pct.) and the unemployment gap (by 60 pct.). The business cycle gap is then used to
correct the real values for public revenues and expenditures. However, different public
revenues and expenditures are not affected by business cycles in the same way. There-
fore, the ministry of finance has estimated a large number of elasticities explaining how a
given revenue/expenditure is affected by a business cycle gap. These elasticities are used
to calculate the structural value for revenues and expenditures in the following way:

ValueXptruetural = Value X oot x (1 — elasticity” *“X « BusinessCycleGapy)

The elasticities used in calculation of the structural values are listed in the tables in
the appendix for government variables .

Variation in some remaining revenues and expenditures cannot be explained by the
business cycle gap. Therefore the structural value for those variables is calculated by
other means. The ministry of finance has developed specific methods for some individual
revenues; for instance the revenue from taxation on return on pensions. Those specific
methods are not (yet) implemented in MAKRO. However, a group of structural revenues
and expenditures are calculated by taking a 7-year average over the real values. This
method is implemented in MAKRO. The tables in the appendix for government variables
indicate which structural values that calculated by using a 7-year average.

The structural budget balance is affected by the gap in employment and gross value
added (GVA). The gaps are defined as the difference between actual and structural quan-
tities. Structural employment can be seen as a steady state employment. The two sections
explains the modeling of structural GVA and employment in MAKRO, which is relatively
simple. It is important to state at the outset that although structural GVA and employ-
ment are important concepts for the structural budget balance, with the current modeling
they do not affect other variables in MAKROQO. Only when calibrating the benchmark pro-
jection will the structural quantities affect the actual ones, which is explained in detail in
the two sections below.

MAKRO also includes structural unemployment and structural labor force. The la-
bor force and unemployment in MAKRO are determined on the basis of employment.
Similarly, structural labor force and unemployment will not causally affect structural em-
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ployment in the model. Calibration for these will only change these as well as actual labor
force and unemployment, as structural employment is already included in the calibration.
This may affect the assessment of actual GVA, but not structural GVA and its modeling.
The focus in this chapter is therefore solely on structural employment and GVA.

9.1 Structural employment

According to the calculation principles of the Ministry of Finance, structural employment
is to be regarded as steady-state employment. In a pure Philips curve model, this equates
to the absence of inertia. In MAKRO, where there is inertia in employment on the basis
of a separation rate different from one, a free wage determination will not immediately
provide steady-state employment. The modeling of the labor market means that steady
state employment is independent of wages and prices. As a consequence steady state
employment can be calculated solely on the basis of parameters determined in the labor
market incl. household labor supply and firm job postings. This provides a small compact
model for calculating structural employment, which is somewhat easier to operate with
than a fully specified structural model.
In the actual model, employment is given by:

e e
Mgt = (1 - 6a> Nag—1,t—1 + Ty Sa,t

where n°¢ is the employment, d, is the job separation rate, z; is the finding rate and Sy +
is the number of applicants.

Since the population composition changes throughout the forecast, we do not want to
condition on unchanged population at the different age levels.'® As an alternative steady-
state consideration, we look at an unchanged employment relative to the population at
the different age levels. For the calculation of structural employment in period t, the
structural employment of all other periods in relation to population is considered to be
equal to that in period t: n¢, , /et = ng,/nkP. With this we can insert in the

* n¢
3 e — a-—1,t ,POP .
relation for employment ng_y, 4 = P Ma—1,4-1°

ne
e* a—1,t pop * *
Ngt = (1= 0a) —pop—"q 141+ 71 - Sy
a—1,t

where the separation rate is unchanged, while there is both a structural finding rate, x7,
and a structural number of searchers, S ;, as both depend endogenously on employment.

The structural finding rate is given by:

1
C140/S;

*
z, =1

where v} is the structural number of job postings, which also depends endogenously on
employment. Apart from the use of structural job posting and searchers, this is similar
to the non-structural variant.

Again, it is exploited that when we look at structural levels, in period t the struc-
tural employment in the period before is assumed to have been given by ng*_l,t_l =

.

ng_ L

Fortn,oh 41, and the structural number of searchers is given by:
a—1,t ’

130T his would provide steady state employment at: nz*t =(1-4da) ngil cH T Sa,t

163



MAKRO

ne
%k pop a—1,t pop
Sa,t =Sat Mgt — (1 - 5a) pop Na—1,t—1
na—l,t

where s ; is the degree of structural participation by age.
The actual degree of participation is given on the basis that the marginal gain from
increasing the job search must be equal to the marginal cost:

| _F 1—b 11—t Zay 05+ (Sa,)”
— T ( - a,t) - 1 + Eh - MUC Wa,t T
a,t Ptc a,t

S
1 _1 Za+1,t+1 Bs s ( )55
- W, Pat1t+1Ma+1,41 (Sa+1,4+1
a+1,41 MUCq 41,141 e

= — (1= 0q41,041) (

where b, ¢ is the degree of compensation, ti,t is the marginal income tax rate, EZ,t is the
average income tax rate, e is a parameter, Zg 1 1s an endogenous utility parameter a la
Gali, Smets, & Wouters (2012), MUC, ; is the marginal utility of consumption, W, ; is
the age-distributed annual salary, PC is the consumer price index, Na.¢ S a parameter
for the benefit of labor market participation, €* is also a parameter, and 35, is a
discount factor that reflects the consumer’s general discounting, expectations of the rate
of increase in real wages and marginal utility, as well as the probability of retaining his
job. The discount factor is exogenized in the basic model, cf. the chapter on the labor
market.
It is exploited that in steady state it holds that Z; , = MUC, , Vf,;g‘:

- 1- tfz,t 77;; (SZ,t)ES
((1_ta’t> (1= bas) = 14¢h > - x*

a,t

s

]. * €
= - ( - 1) B2+1,t+1772+1,+1 (32+1,+1)

*
Lat1,4+1

The structural parameter for the use of labor market participation, nfljﬁ is basically the

same as the actual, but can be calibrated to have a different value if, in addition to the

actual, it is also necessary to calibrate to structural employment in the last data year.
The number of structural job postings is given by:

t = o Ty o
H
where pf is the cost per job posting, and m?PV* is the structural discounted value of a

match. Both are measured in relation to the wage per efficient unit labor.
The discounted value of a match in relation to the wage (NPV of the wage mark up)
is in the actual model given by:

NPV __ m NPV
mys = my o+ Bl me

where 3} is a discount factor that reflects the firm’s general discounting and the prob-
ability that the worker is still employed in the next period, as well as expectations of the
rate of increase in wages, productivity and corporate tax rate. This link is exogenized in
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the basic model, cf. the chapter on the labor market. Finally, the immediate value of a
match of this period is given by:

o MPLt — W
= 711&

my

where w; is the wage and MPL; is the marginal product of labor.
In the steady state, inertia can be disregarded. The wage is in the absence of inertia
given by:

wy = (1 — ¢)™*") MPL,

which gives:

1
my=——~=——1
t 1— ¢tNash
If this is inserted - together with an assumption of an unchanged corporate tax rate
in steady state - you get:

* 1 «
NPV* _ _ m , NPV
my = [ Nah (ﬁ]ash 1+ B imyyy

The above structural equations provide a closed solution for the structural employ-
ment. All the details regarding the demand side go out in steady state, as the value of
a match here is merely proportional to the marginal product of labor, which is similar
across industries.

In principle, MAKRO can be calibrated in place solely on the basis of actual employ-
ment and GVA for the most recent data year. The age-distributed parameter for the
disutility of labor market participation is calibrated in place to hit actual employment.
By maintaining this parameter, one can get both an offer of actual and structural em-
ployment both in recent data years and in the future. However, the Ministry of Finance
has a better idea of the projection of the age-distributed structural employment based
on register data, etc. as well as their principles for calculating structural employment.
This can be calibrated in place via a structural parameter for the use of labor market
participation. In order to make structural and actual employment converge, the actual
and structural parameter of labor market participation must converge in the long run.

9.2 Structural GVA

The method used up until now to construct structural GVA is not valid with an estimated
elasticity of substitution between building capital and the KL-aggregate. A new method
will be applied and documented in a future version of the documentation.
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10 The Input-Output system

The Input/Output matrix organizes market clearing conditions, equating the demand
and supply of goods and services. We follow the National Accounting classification where
aggregate demand consists of private and public consumption, C, G , investment, I, ex-
ports, X, and of material inputs into production, R. This demand is met by domestic
production, Y, and by imports, M.

For both households and firms, the two bottom levels of the CES demand tree can be
viewed as independent zero profit intermediary sectors. This is where consumption goods,
investment goods, and intermediate inputs, are sourced from the different production
sectors, and from home and abroad. The specific organization of our firm and household
demand trees, and the specificity of the composition of export goods, requires the input-
output structure to map the decomposition of the demand bundles with the eight-sector
decomposition of private production. To have an idea of the size of the system, each of
the 8 private production sectors plus the public production sector can potentially demand
intermediate inputs and investment inputs from each other yielding 2 x 81 columns.

Each demand object (g7, 45,45 qf,) is produced (CES assembled) at an upper
level with inputs from potentially all sectors, and at a lower level using both domestic
production and imports. The lower level inputs from the domestic sector are called qégf’;,
while inputs imported are, qég?. These entries into the input/output system have three
subscripts. The set d identifies the demand side and consists of the sets 7, ¢, g, k and z.13!
The supply side index identifies the production sector s. Demand side d demands output

from supply sector s. Domestic and foreign supplies aggregate with a CES function into
q,{)gt =CES (q,{gﬁ{, qf?@") All of these have an extra IO label in the code.

Table 1 shows an Input/Output table where the demand components are column

. I
vectors and the supply ones are row vectors. An object such as qrgz represents a sum

of 7 columns. As Table 1 considers 2 sectors only, the object qi?’yt = qufl,t + qug’l’t is

the amount of output from production sector s = 1 allocated to satisfy the demand for
materials r from sectors 1 (r = 1) and 2 (r = 2). We only see the sum qi?z, not the two
sub objects that compose it.32

The consumer and firm chapters contain a partial discussion of the subject of this
chapter. It is there that we first describe the decomposition of demand by sectors as
proportional (Leontief) with the lower level decomposition across domestic and foreign

suppliers having a non zero elasticity. In Table 1 this means the ratio qJI?'Z / qjjg‘z is an ex-

ogenous constant while the ratio q;(l)lé / qjl(l)?i reacts endogenously to relative prices. It also

means we write the aggregator for domestic and foreign sources in a single supply sector
(s=1)as¢/9, =CES (qf,?g,qfﬁ)”f) and in the level above with a Leontief aggregator
over supply sectors we have ¢ff, = LFF,(¢!2,).

131The investment index set i contains the set k plus the index for inventories which are treated differ-
ently from equipment and structures. Most of what we discuss applies only to the set k.

132There is a subtle detail here: Instead of extra labeling with an R, as in q(i’g’t we map the set d into
tl;e set r to define the type of use we give to the goods from sector s, which means we need only the label
qr,s,t'
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Table 10.1: Input-Output Matrix. 2 Sector Example

Demand aimed at domestic and foreign suppliers

R c I X
qT,t QC,t qk t qz,t
10 10 10 10
qr,s,t qc,s,t qk,sﬁt qw,s,t
Supply D F D F D F D F
. I0y 10y 10y 10y
Domestic Y1 4r 1t de 1.t qul,t Ay 1.t
10y 10y y 10y
Ysi Yo Arot 0 de2t 10 9ot 0 dz2.t 10
Foreign My aGrit Geit qz},l,’? Aot
IOm I0Om Om I0Om
M, My, Ar 2t dc2.t i 2.t Az 2t

3

Each column represents a horizontal sum of s columns.

10.1 Market clearing prices

In MAKRO the most disaggregated production level is the sectoral level indexed s. All
output from a sector s has the same price (before taxes) irrespective of who buys it.!33
The after tax price may vary depending on the buyer as indirect taxes can vary across
demand components. For example, households generally face higher indirect taxes on
private consumption than firms do on material inputs. Demand prices (paid by the
buyer) are then:
PO = (1+7i0) PY,

d,s,t ,S,t s
POt = (1+7i07) P
where PS}j . and PSJY{ are the prices received by producers which are the same irrespective
of the identity of the buyer.

The indirect tax rates for domestic production and imports are compositions of cus-
toms, net duties, and valued added tax rates:

T(i?’yt = (1 + Té\g?ty> (1 + TX?TJ) -1
A0 = (L a5) (14 7B) (14 rfetm) — 1

where Tng‘Z are the custom rates and Tc‘l/g? are the VAT rates, all exogenous to the model
J

and taken from the Input-/Output data table. Net duty rates, Tév SDt , are also taken from
the Input-/Output table and consist of rates on gross duties 7 minus gross subsidies 1:13

NDy _ Dy Dy
Td,s,t - 7_d,s,t - Zd,s,t

NDm __ _Dm Dm
Td,s,t - 7-d,s,t - 2d,s,t

In the model the gross duty and subsidy rates are exogenous. They are imputed in
order to ensure all gross duties are positive, and also that disaggregated duty rates give
the value of total subsidies when they are aggregated. All rates for duties, subsidies,

1331n the Input-Output tables from the national accounts it is possible to derive prices for the different
I-O cells. In these cells the net price from each delivering sector will vary. We disregard this information
as to make the model more tractable. In the ADAM model prices are not explicitly defined for the I-O
cells. Instead, they use constant I-O coefficients in determining the aggregate price, which implicitly
assumes all output from sector s has the same price irrespective of who buys it.

134Three car registration taxes, ‘rfieg for d = ¢Bil, g,iM, are explicit (in addition to gross duties).
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customs and VAT are allowed to vary both across the demand and supply sectors. In the
most disaggregated national accounts and in ADAM they are identical for all deliveries
s. The variation on this dimension in MAKRQO relative to ADAM is due to the fact that
production sectors here aggregate a higher number of subsectors.

10.2 Demand trees

For an agent purchasing a given good d, this good d is a composition of different goods

produced in the different sectors s, and just below the contribution of goods from sector
. 10y

5 to good d, there are sector s components produced domestically, g, ., and sector s

components which are imported, qég?. Markets exist only at the very bottom of the

tree. And it is here that prices are determined by market equilibrium.

10.2.1 The bottom of the demand tree

This decomposition of imported and domestic quantities is at the bottom of the demand
tree. Its quantities are aggregated using a CES demand aggregator with a fixed elasticity
of substitution n = nég. We generalize the model at the bottom of the decision tree by
using overhead quantities as in Ravn et.al. (2006):

n

1 n—1 1 n—1\ n—1
CES __ 10y \ " 10y I0y\ n IOm\ 7% (,I0Om I0m
Qd,s,t - <(Md,s,t) (Qd7s,t T Sd, st + (/u'd,s,t ) K (Qd,s,t T Sd,sgt ) n

Demand side optimization generates demand functions

PIOy 777;,05
10y IOy _ 10y _CES . ( d,s,t )

Qd,s,t — Sd,s,t — Hds,t " Dd,s,t CES
Pd,s,t

qd,s,t ~ Sd,s,t :Md,s,t 'qd,s,t PCES

_ IO
PIOm M, s
I0m I0m IO0m _ CES | d,s,t
d,s,t

PCES

where Py is the corresponding zero profit CES price aggregate of prices (Ploy I Om) .

d,s,t? " d,s,t
The zero profit constraint that generates the CES price is

qd,s,t d,s,t

CES _CES _ plOy 10y IOy I0m I0m I0m
Pd,s,t dq.st = Pd,s,t ) ( d,s,;t — Sd,s,t + Pd,s,t ’ ( - )

and the overhead quantities enter the overall budget constraint of the household (or the

profit function of the firm) as the fixed cost amount Pdlgg : fégf’t + PO 19

It is important to note here that the CES price Pg fts is the same as the Pdl,?,t price
we obtain in the absence of the deep habit. In fact we should write the system as

PIOy _775,05
10y 10y _ ,I0y @ CES ( d,s,t>

Aast — Sd,sit — Md,s,t " 9d,s,t pIo
d,s,t

I10
Pjom ~MNd,s
IOm _ ¢IOm _ ,I0Om CES d,s,t
Qd,s,t d,s,t *:u’d,s,t Qd,s,t P[O

d,s,t

IO CES _ plOy 10y I0y IOm I0Om I0m
Pd,s,th,s,t - Pd,s,t : (qd75,t T Sd,sit + Pd,s,t : (qd,s,t - d,s,t)
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just so we do not generate unnecessary variables. The same is not true of ngEf as this

quantity is not the quantity qd 5.t that we need to close the problem. This is determined
below.

The final detail of the bottom decision is the definition of the habit or overhead
quantity. This is a slow moving object which approaches a given proportion p in the long
run:

10 IO 10 10 10

d,s%i y é-ds,yt 1 (liw y) p- qu% 1

and similarly for the other overhead quantities. See Ravn et al. (2006) for the use of the
lagged variable in this equation.

This structure ensures a dampening of the reaction of quantities to price movements
in the short run, while in the long run the (long run) proportionality of the overhead
quantity ensures we have model homogeneity where a doubling of output corresponds to
a doubling of inputs given the same prices.

We need to be careful about the construction of quantities as we move up the tree.

The issue is that qCES is not the same as qIO At the bottom, the quantities of goods
purchased are well defined and given by I?g qéosz for domestic production, and PdI ?’t" .

qéOsT for imports. But the CES aggregator quantities qdcff are not reflections of quantity

as they are net of overhead. We generate auxiliary quantities as

IO’U §I pIom  ¢IOm

_ CES dst d,s dat d,s,t
qd,e,t qut + P[O
d,s,t

and then proceed up the tree as usual using the quantity qégyt rather than the quantity
qgff Overhead or “deep habits” exist only at the very bottom of the tree. Given the

reconstructed complete quantity qd 5,c We can have the usual aggregate habit at the top
of the tree although its properties/size will be affected by the presence of deep habits.

10.2.2 One step up the demand tree

Here we have a Leontief allocation as in this level the composition is in fixed proportions.
For d = {r,c,k,z} we have qd = ud X tqrt . In this expression Még,t are calibrated
parameters and the quantities qm are deternnned by the optimal input decisions of firms,

and optimal consumption decisions of households. For each demand side object we have
then:!3?

Q7I-,(£,t = Hig,t : fo‘t
qf,?,t = Mgg,t : qcc:t
q;ﬁg,t = Még,t : QIg,t
q:i,os,t = /%Isg,t : qgft
For example ,uc <.t is the fraction of total consumption demand qgt that falls on goods

produced or nnported by sector s. There is one detail in these four expressions: the
expression for investment is not identical to the other ones because the index d = k

135Inventory investments which are in set i are not in the set k as they are determined by a different
equation.

169



MAKRO

identifies the type of investment and not the sector demanding that investment good.
The reason is that the organization of investment is identical for all demand sectors so
the sector origin index is dropped.

Regarding prices, at this level in the tree we aggregate over the s sectors to obtain
the good actually desired by the buying agent. Prices satisfy

10 10 10 ,,10 R
PR . Zs Pr,s,tqr,s,t . Zs Pr,s,t:ur,s,t : qr,t o P[O 10
rit R - R - E T,S,t/’("l‘,87t
qr,t qr,t s
10 IO 10 ,, IO C
PC o Zs Pc,s,tqc,s,t o Zs Pc,s,t/u’c,s,t : QC,t o P[O 10
c,t — C - C - E c,s,t:uc,s,t
q q
c,t c,t s
10 10 10 ,, IO I
pl _ 2 Peiithin s Peiibhin s plO 10
kit = T = T = E k,s,tMk, st
qk,t qk,t s
10 10O 10 ,, IO X
5'¢ Zs Pw,s,th,s,t Es Pw,s,t:ua:,s,t "zt 10 IO
PX, = - -Sp
xr,t - - w,s,t“w,sgﬁ

X X
qr,t Qx,t s

This is a general rule. There are exceptions which we discuss below.!3%

10.2.3 Import to reexport

As there is no substitution between direct exports and export to re-imports - these rela-
tionships are not valid for d=x. Instead, for exports we define two aggregate quantities
for imported and domestic inputs at this level:

10Xy X
qg,s,t = Mw,s,ty : q:r,ty

m _ IO0OXm Xm
qa:7s,t - :U’a:,s,t : Q:p,t

10.3 Aggregates

The production of each sector is the sum of deliveries to all demand components for both
domestic production and imports:

_§ : I0y

sz,t - Qs
d

I0Om

M57t = E qd,s7t
d

These objects have well defined prices since the production of each sector has an equilib-
rium price. However, as we move one step up in aggregation summing over s, prices and
quantities require a definition because we are summing over different objects.

The demand side aggregate quantities (R, Gy, I;, X)) and the supply components
(Y;, My), with respective prices (Pf, P&, P/, PX) and (PY,PM) , have no theoretical
price index or quantity aggregator as they are not supported by a model driven CES tech-
nology or preference aggregator.'3” Therefore we use Paasche price indices and Laspeyres

136This does not apply to Pcct due to the way we handle tourism. For exports uig ; is not defined.

137We do the same for GDP and for aggregate gross value added. We note that housing and non-
housing consumption do not face this problem as they have a model-defined aggregate prices. Investment
quantities aggregate linearly so that we do not need a price index to calculate the price of total investment
of a given type (buildings or equipment). Using the index approach does not affect the outcome in a
significant way.
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indices for the corresponding quantities. Using a generic name Z = R,G,I, X, Y, M, we
first have the definition

P?Z = P Zay
d
and then we add the index relationship
ZtPt{1 = Z PdZ,tflzd,t
d

and together they imply the price and quantity dynamic indices

z z
Zd Pd,t—lzd’t Zd Pd,tZd,t
Z Z
Zd Pd,t—IZd»t—l Zd Pd,t—1Zd7t
These equations simplify in the case where quantities are homogeneous as price indices

become unnecessary. In such a case we replace the index equation with the quantity sum
and work with

Zt = Zt—l and PtZ = Ptz_l

P/Z =Y Pl Zqy and Z, =Y  Zay
d d

In the data period the supply prices Ps{/ . and P% match their corresponding Paasche
chain indices from national accounts. These indices equal 1 in the base year just as those
for demand component prices. The corresponding quantities are therefore indexed at
gross prices whereas the prices from the lower nest are indexed at net prices. This is only
a level shift which is captured in the calibrated share parameter.'3® The development in
both quantities is net of customs, duties and VAT.

10.4 Investment

The demand for Investment goods is detailed in the firms chapter. Firms decide on the
optimal level of capital stock one period in advance due to time to build. This results
in the decision of optimal current investment ¢/ so that K; = (1 — 0x)K,—1 + qf. We
assume the contributions from supplying sectors s to a unit of a given type k of capital
investment q,it, are identical in all demand sectors d. If a demand sector (agriculture)
wants to accumulate its stock of equipment (k = iM) it uses contributions from output
from all sectors s to make one unit of investment in equipment. The same decomposition
happens if the sector investing is manufacture, or any other sector. Not only that, the
contributions from domestic and foreign sources in the lowest level of the demand tree
are also identical for all sectors. This implies the price of a unit of given type of capital
k is the same across sectors, P}ir It also implies quantities are constructed in the same
way in all sectors and can be added across sectors to obtain aggregate demand for an
investment good.
The construction is then that we have

10y I0m
Pk:,s,t’ Pk',s,t
instead of
10y IO0Om
Pk,d,s,t’ Pk,d,s,t

However, in the national accounts investment prices for the same capital goods differ
across sector. Therefore sectoral investment quantities in MAKRO would not match

1380n the demand side prices include taxes. On the supply side they do not. IO prices are demand
prices. At the bottom level, demand prices are given by supply prices plus taxes and are not standardized
at 1 in the base year. At the next level, prices are normalized at 1. This process is captured in Aé,os,t as
described below in section 7.
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national accounts data. We fix this by adding to the model a correction factor )\5 ;,t on
sectoral prices to obtain Pkl,d,t = )\fyfl,th{t.l?’g This price is then the relevant price for
the optimal dynamic investment decision in each sector and is the price that enters the
capital goods Euler equations which define the user cost.

This factor A enters after the two bottom CES constructions are decided. It affects
aggregate prices linearly (we explain this below). Next we show how this is equivalent to
incorporating the factor A at the very bottom when the choice between domestic sources

or imports is made.

10.4.1 Bottom

We introduce the factor A next to the bottom prices. We also abuse notation throughout
as we should have an extra index in a number of variables for the demand sector d but
that extra index is omitted. As above, we have for d = {k} = {iM,iB} and with n; = 77,{70S

1 N —1 . mp—1\ M1
CESD __ I0y \ "k 10y 10y Mk IOMm\ ny I0Om IOm\ ~n
Te,st = ((“k,sn&) (qk,&r kst + (et )™ (@halt — Ekar) ™

with the respective CES price (remember that the buyer pays taxes so we have the bottom
IO buyer prices),

1
1—ng _ 1—np
CESD _ [, IOy 10y IOm 10m\ 1=k
Pk,s,t - (lu‘k,s,t (Ade,s,t + /J“k,s,t ()\de,s,t )

1
1—ng 1— T—np
10 10 10 10 Mk - CES
= >‘d </~Lk7s::jt (Pk7g7?,tl) + /j’k,szl (Pk,s:rtn) ) = )‘de,s,t
which is the result of the zero profit condition

AyPCES(CESD _ \ plOv. ( I0y IOy) A\ PIOm . ( 10m IO7n)

k,s,t qk,sﬂf = Mg st qk,s,t_ k,s,t k,s,t qk,s7t ~ Sk,s,t

which can be written without an explicit A4

CES _CESD _ plOy 10y 10y 10m IOm I10m
Pk,s,t Ak,st = kst (qk,s,t T Sk,s,t + Pk75»t ’ (qkﬁ»t - kﬁi)

Demand side optimization generates demand functions

I0y\ ~ "k 10y — Nk
10y _ IOy I0y _CESD (Adpk,s,t> 10y CESD | ( Prosit )

Qi st — Skyst — Mros,t kst PCESD = Pt kst pPCES
k,s,t k,s,t

di,s;t — Sk,s,t — Mkst "4k, s,t PCESD = Mg st "4k st CES

TOm\ ~ M JOm\ ~ M
I0m _ +IOm I0m . _CESD | Aaly st 10m  , CESD Dot
k,s,t k,s,t

where the second equality reflects that fact that the price ratio in the demand functions
does not depend on Ag.

139In the code PI_S[k,s,t] = fPI_S[k,s,1) * PI[k,y) Where s =d.
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The overhead quantities enter the overall budget constraint of the household (or the
profit function of the firm) as the fixed cost amount Pklgzé 5,12% + PO - Q. At the
bottom we generate auxiliary quantities as

I 10 m IOy I0 m
CESD Aab, k,s gkst+)‘dpk gk,s,t _ CESD kst gkst"'Pk fk,s,t
Qk ot = kst T PpCESD =dqrs: T PpCES
k,s,t k,s,t

At this point, Ay has disappeared. But this cannot be right since for example higher

prices must imply lower quantities. That is exactly correct. The entire point is that the

lower level demand quantities qégyt and qéos,’f are a derived demand from the quantity

above, q,ﬁ}os’t. It is that quantity that will reflect the effect of A4.

10.4.2 Next level

Above the import versus domestic production level, sectoral inputs aggregate linearly

10 _ IO I
A5t = Mk stk ¢

and again we emphasize that there is no demand side index d on the factor uk st 140
The index k here is only the index of which type of capital (equipment or structures) the

equations are describing.!*! The price at this level of the tree, P/ ,, is given by
I c pCES
Pty = qu,s,tpk,st =4 tZNkst)‘d kst = )‘qutzp’kst k,s,t
S

which becomes
pCES
Pkt —)‘dz,ukst k,s,t

so that the factor Ay jumps over the aggregation across sectors. Of course, this implies
the left hand side variable now requires and extra index:

pCES — SCES
Pkdt_AdE Mkst kst —)‘dpk,t

but it crucially also implies we can ignore completely the factor A\; when we solve the two
lower levels of the CES demand tree.

10.4.3 Aggregate investment

Even though prices differ by buying sector, quantities are, at the bottom of the tree,
constructed identically for all buying sectors. This allows the construction of an aggregate
investment price for equipment (machinery) or for structures (buildings) by averaging over
the buying sectors. For investments of type k we have then:

I
>oab k d, tqk dt dod )‘qu,d,t —~CES
= Z I Pk:,t
qk,t d9%,d,¢

Pkt_

where in the code the demand side index is, because of the identity mapping, shown as
d=s.

When we aggregate different types of investments, we are then required to use a price
and quantity index method.

140The 1 factors sum approximately to 1.
1410f course the quantities themselves depend on how much each demand sector is investing, but we do
not see the demand sector index here as we will make use only of the aggregate quantity of investment.

173



MAKRO

10.4.4 Inventory investment

We assume that all inventory investment in a sector comes from its own production. In
the code

10 _ I s
Qir st = Vil st
. . . I_s I_s fer :
where the nominal amount of inventory investment p;;77 . @,/ 5, is an exogenous fraction
of nominal output from that own sector s.

10.5 Data and calibration

Our sectoral aggregation and the resulting input-output matrix matches the correspond-
ing nominal aggregation from the Danish National Accounts. The data for the current
version of the model is, however, based on the data bank from the ADAM-model. ADAM
has 12 sectors, 8 private consumption groups, 1 government consumption group, 5 invest-
ments groups and 8 export groups. There is a direct mapping from ADAM’s to MAKRO’s
consumption, investment and export groups. This mapping is as follows:

The production sector decomposition is almost a one to one mapping from ADAM to
MAKRO. Agriculture (lan,a), construction (byg,b), extraction (udv,e) housing (bolh),
sea transport (soe,qs) are identical. Energy is decomposed in two (Energy manufacturing
ne and Energy refinery ng) in ADAM but joined in MAKRO (ene,ne+ng). Manufacturing
is also decomposed (food nf and other nz) in ADAM and joined in MAKRO (fre,nf+nz).
The private service sector in MAKRO is defined as all services including public and
financial services, and excluding all public services (offentlig forvaltning og service, ol in
ADAM). This yields the mapping for services (tje,qf+qz+o0-0l), and for public services
(off,01).

The MAKRO classification defines the public sector in a manner relevant to the min-
istries. One disadvantage is that there is some public production in each sector and taking
it all from services is only an approximation. Another is that there is no information on
the input-structure from and to this definition of the public sector. This is solved by
assuming that material inputs to public production (off) are proportional to that of sec-
tor “o” in ADAM and by assuming that all deliveries from the public sector go to public
sales, public direct investments, and public consumption. All public sales are assumed
to go to private consumption of services and all public direct investments are assumed
to go to intellectual rights placed under machinery investments - ie. there are no public
exports and no material inputs from the public to the private sectors. These assumptions
are discussed in the public production sector.

In ADAM it is assumed that, in every purchasing sector, investment in a given type
of capital good contains the same input contributions from supplying sectors. National
accounts data contains detailed information about the deliveries to investment types in
the different sectors. MAKRO has the same assumption, mostly so as to reduce the
dimensionality of the Input/Output system. This does not change the number of markets
that have to clear as that is determined by the overall number of production sectors. But
it reduces the number of CES tree prices and quantities that have to be computed. All
sectors then have the same price index for investments.

Imports in ADAM are divided into product groups, whereas here they are a result
of the consumption and production decompositions. We include energy imports (from
SITC Group 3) under imports from the foreign energy industry, other imports of goods
under the foreign manufacturing industry, and service imports under the foreign service
industry. All imports come from these 3 industries. This means that all substitution is
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in relation to domestic production of goods, services and energy. Energy is exogenous so
it has no endogenous substitution. Many uégf? parameters are therefore zero.'4

In the industry-disaggregated data from the National Accounts IO tables, imports
from construction, extraction, housing and public services are extremely small. However,
there are imports from foreign agriculture and shipping. This should, in principle, sub-
stitute for these domestic industries. However, it is not obvious how, as long as we rely
on ADAM data. Therefore, we follow ADAM and let them substitute manufacturing and

private services instead.

Before taxes, the bottom prices in MAKRO are market clearing prices which are
identical for all buyers. This is not the case in the national accounts for our level of
aggregation and so the corresponding quantities are not the same in MAKRO and the
national accounts. The aggregate quantities of sectoral imports and domestic production
are scaled so the quantities of aggregate deliveries from all sectors and import components
to specific demand components are the same in MAKRO and the national accounts.'43
Except on the assumed micro level all aggregates are calculated as Laspeyres quantity and
Paasche price indices. All share parameters in the IO equations are statically calibrated
so they are in accordance to MAKRO IO data.

10.6 Balancing share parameters

The exogenous share parameters, ,ud St Iy d Y and u{lgT are constructed using the aux-

10
iliary exogenous variables ,uéosot s P, Syto, ,uécz”;“ Ad,t, and /\d .t as follows: 144
10,
HJIO /j’d s,t
d,s,;t — <~  I0¢
Z Md s,t
IOvyo
I0y _ IO K st
Hg st = Nd,s,t 10wy TOm,
d s,t Hq ,8,t
IO0Omg
plom _ 310 Fa,s,t
d,s,t 7 Md,s,tT TOyq T10mg
lu’d,s,t + lu’d,s,t

for D=R,C,G,I, X, dfrcg,i,x
In the calibration ud st udos  and uflg?j are determined as usual. It is imposed that

100 _ I0yo 10mo _
Dby =1and gy % + g 70 = 1. Then we have

10 __ 10¢
Md,&t - /\dyt/’cd,s,t

10y I0yo
dys,t — /\d,s,tﬂd st

42Imports in ADAM are more disaggregated than in MAKRO. They are divided into food, coal, crude
oil, other raw materials, other energy, cars, ships and aircraft, as well as other manufacturing. Imports
of food inputs are substitutes for domestic food industry output (in MAKRO part of manufacturing).
Imports of other raw materials are substitutes for manufacturing in ADAM (as in MAKRO), and man-
ufacturing imports substitutes itself. In MAKRO other import groups do not substitute for domestic
production. Ships and aircraft have no significant size and cars are included primarily as input for car
consumption, where the import share is so large that substitution is insignificant. However, in ADAM
it matters as they do not have substitution at the disaggregated 10O cell level but at the overall import
group level.

143The imputation of data using this assumption is made in the iodata_ ADAM.gms file.

144WWith this construction we can shock an individual deeper parameter indexed zero and the mechanics
of the construction of the resulting parameters will share the initial shock through all of them.
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IOm __ yIO , 10mg
ﬂd,s,t - Ad,s,tlu‘d,s,t

sl s : _ 10 o _ 10 10
which implies \g; = ZB P st and )\d’&t = /j,d7s’:qt + ud78?.

10.6.1 Exceptions: Public direct investments and public sales

10 . .
The exogenous share parameters, 49, | u 2 and pkOm are constructed using the auxil-

. . I .
iary exogenous variables uég(’t , dOSyto, u{ios’?", Ad,t, and )\52 .- There are two exceptions
to this structure, and they are the share parameter for deliveries from the public sector

to private consumption, ,ugg"f’, and for deliveries from the public sector to investments,

uf?%" where s = gov. These are endogenously given so that, for s = gov, ¢§, , with

d = serv and ¢} _, with d = iM are given in accordance to:143
T _ I9y/DIR
pvz,s,tIi,s,t = :LLi,tVt

C C _ Cgyrgsales
pc,s,th,s,t - Mc,t ‘/t

This formulation ensures that the value of the sum of deliveries from the public sector
to investments and private production are given by the two variables V,2TR and V75l
These two variables do not follow the general demand for investment and private consump-
tion inputs. This implies that inputs from the public sector and hence public production
will not be endogenously affected by private demand components.

145y DIR — vOffDirlnvl[t]
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